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Tru ſel, in the County of Durham, Eſq; 
SIR, 
s dur private Correſpondence KH 


WW occaſioned my Drawing up ſe- 
veral of the following Papers, 
I thence claim a Sort of a Right 


to addreſs them to You : But I well know 
the 
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.comfnion Style of a DEDIcaTiON would 
to Vou be highly offenſive ; z therefore 5 
the Uſe I dare make of this 

is, to declare Myſelf to be, 
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PREFACE 


Wa HE Reader, I preſume, will excuſe me, if, 
MEN inftead of acquainting him, in the uſual Way, 
with the many weighty Reaſons that induced 
me to publiſh the following Sheets, I ſhall 
fake up no more of bis Time than to give 
4 conciſe Account of the Nature and e- 
Fulneſs of the ſeveral Papers that compoſe this Miſcellany, in 
the Order they are printed. 


The firſt, then, is concerned in determining the Apparent 
Place of the Stars ariſing from the progreſtve Motion of 
Light, and of the Earth in its Orbit ; which, though it be a 
Matter of great Importance in Aſtronomy, and allowed one of 
the fineſt Diſcoveries, yet had it not been fully and demonſtra« 
#ively treated of by any ' Author, or indeed thrown into any 
Method of Practice. Now, however, I muſt not omit to ac- 
knowledge, that in the laſt Volume of the Memoirs of the 
ROYAL ACADEMY of SCIENCES, for tbe Tear 1737- 

- 2 -: 22.15 


* on a Set of Practical Rules for the Aberration #* 


X > 
= 


«Awe #4cse 
lately pitbliſhed "at Paris, and brought hither a few Weeks 


fine, there is Paper on this Subjee# by Monfieur Clairaut, 


ur eminent Mathematician of that Academy; #0-which 


Right-Aſcenſion and Declination only ; wherein moſt of bis 


Analogies are exactly the ſame as thoſe inſerted in this Book, 
with which Dr. Bevis favoured me: For which Reaſon I 


think it proper to aſſure my Readers, that my Paper, toge- 
ther with the Doctors Rules, were quite printed off, and in 
the Hands of ſeveral Friends, who defired them, before Chriſt- 
mas 1739. when the Severity of the Seaſon interrupted for a 


- 


confiderable Time the Impreſſion of this Treatiſe. 
The ſecond Paper, treats of the Motion of Bodies affected 


by Projeftile and Centripetal Forces; wherein the Invention 
of Orbits and the Motion of Apfides, with many ethers of 
the moſt conſiderable Matters in the Firſt - Book. of Sir Iſaae 
© Newton's PRINCIPIA, are Fully and clearly inveſtigated. ' 


The Third, forws bow, from the Mean Anomaly of a Pla. 


wet given, to find its true Place in its Orbit, by three ſeveral 


Methods ; but what. may beſt recommend this Paper, is the 
Practical Rule in the annexed Scholium, which will, I hope, 


be found of Service. 


The Fourth, includes the Motion and Paths of Projectilas 
in reſſting Mediums, in which not only the Equation of the 
Curve deſcribed according to any Law of Denſity, Refiſtance, 
Sc. but all the moſt important Matters, upon this Head, in 
the Second Book of the alove- named illuſtrius Author, are 
determined in a new, eaſy, and comprebenſtve Manner. 


The Fifth, confiders the Refſfances, Velcities, and Times of 
Vibration, of pendulous Bodies in Mediums. 
1 . - The 


P R E F A & E. vii 
The Sixth, contains a new Method for the. Solution of all 
Kinds of Algebraical Equations in Numbers; which, as it is 
more general than any. hitherto given, cannot but be of conſi- 
derable Uſe, though it perhaps may be objetted, that the Me- 
thod of Fluxions, whereon it is founded, being à more exalted 
Branch of the Mathematicks, cannot be ſo properly applied to 
what belongs to common Algebra. 


The Seventh, relates to the Method of Increments ; which 
7s illuſtrated by ſome familiar and uſeful Examples. 


The Eighth, is a ſhort Inveſtigation of a Theorem for find. 
ing the Sum of a Series of Quantities by Means of their 
Differences. 


The Ninth, exhibits an eaſy and ae Way of Trog ga- 


ting the Sum of a recurring Series. 


Theſe three laſt Papers relate chiefly to the Inventions of 
Others : As they are all of Importance, and are required in 
other Parts of the Book, I could not well leave them entirely 
untouch'd; and if 1 ſhall be thought to have thrown any new 
Light upon them, that may benefit young Proficients, 1 have 
my End. 


The Tenth, comprehends a new and general Method for find- 
ing the Sum of any Series of Powers whoſe Roots are in 


Arithmetical Progreſſion, which may be applied with equal 
Advantage to Series of other Kinds. 


The Eleventh, is concerned about Angular Sections and fome 
remarkable Properties of the Circle. 


T, 


E 
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We Twelfth, includes an eaſy and expeditious Method of 
« "Reducing a Compound. Fraction to Simple Ones; the firſt 
Hints whereof 1 freely acknowledge to baue received from 
Mr. Muller's ingenious Treatiſe on Conic Sections and Fluxjons- 


ans. 

* | p = ki Bs, 
"A The Thirteenth and laft, containing à general Quadrature of 

- Hyperbolical Curves, is a Problem remarkable enough, as well 
on account of its Difficulty, as its having exerciſed the Skill of 
—ſeveral great Mathematicians ; but as none of the Solutions bi- 
therto publiſhed, the' ſome of them are very elegant ones, extend 
farther than to particular Caſes, except that given in Phil. Tranſ. 
No. 417. without Demonſtration, I flatter myſelf that this 
which 1 have now offered, may claim an Acceptance, fince it 
is clearly inveſtigated by two different Methods, without re- 
ferring #0 what hath been done by Others, and the general 

Conftruftion rendered abundantly more fimple and fit for Prac- 


tice than it there is. Y 
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Of CON RAILS EY ofthe Fixed STARS, ariſing 
1 from de Nen of Light, and the Marion of 
: q 7 Earth i in its Orbit. k 

! 25 . 5 « PROPOSITION. I. 


If the Pehcity of the Earth in its Orbit bears any feb Pro- 
Fortian to the Velocity of. Light, every: Star in the Heavens 
_ muſs appear diſtant from its true Place; and that by / much 
ebe more, as the Ratio of thoſe Velocities approaches nearer ta 


Q in that Direction, the 
Eye of an Obſerver at T be carry'd, 
by the'Earth's Motion, thro' TG; r 
and CT be a Tube made uſe of in G T 
obſerving; and a Particle of Light, from the ſaid Star, be 
B -guk 


b Z that of Equality. 

ö OR, if while the Line © E DD S 
ö C G is defctibed-by\ 

b & 2 Particle of Ligne 

. coming from à Star 


(2 . 
juſt entering at C the End of its Arndt then when the Eye is 
arrived at v, the Tube will have acquired the Poſition v D 


parallel to TC, and the ſaid Particle will be at the Point u, 


where the Line CG interſects the Axis of the Tube; becauſe 
GT:GC:: Tv: Cm. Let now'the Tube; by the-Earth's 
Motion, be brought into the Poſition Ew; then becauſe 
GT: GC:: T: Cn, the Particle will be at à, and there- 


fore is ſtill in the Axis of the Tube: Therefore when it en- 
ICS IR) per the Eye at G, as it has all the Time been in the Axis of 


the Tube, it muſt conſequently appear to have come in the 
Direction thereof, or to make an Angle with T , the Line 
that the Earth moves in, equal to CTH, which is different 
from what it really does, by the Angle GCT : Whence it is 
evident that, ' unleſs the Earth always moves in a Right Line 
directly to or from a given Star (which 1 is abſurd to ſuppoſe) 
that Star muſt appear diſtant from its true Place ; and the 
more ſo, as the Velocity of the Earth (in reſpe& of that of 
Light). is increaſed. And the fame muſt neceſlarily be the 
Caſe when the Obſervation is made by the naked Eye; for 
the Suppoſition and Uſe of a Tube neither alters the real nor 
apparent © Pics of the Star, but only helps to a more eaſy De- 


monſtration. 
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PROPOSITION HU. 


To find the Path which a Star, thro the aforeſaid Cauſe, in: 


aue entire Annual Revolution of the Earth, appears. to deſcribe. 


ET ATBA be Q. 
the Orbit of the 7 
Earth; S the Sun in one n - 
Focus; F the other Focus; V 5 
T the Earth moving in its Vf. 
Orbit from A towards B;. 
DT a Tangent at T; and N | 
SD, FE Perpendiculars 
thereto: Let QuRRQ_ 
be Part of an indefinite 1 
Plane parallel to that of 
the Ecliptick, paſſing thro” 
R the Centre of the given ” 33 
Star; and take TA to TR, . 
as the Velocity of the Earth . — 
in its Orbit at T, to that ee, eee 
of a Particle of Light com- " 
ing from the ſaid Star: Let 
T be parallel to n R; Pa V perpendicular to AB; and QRE 
parallel to PV: Then from the foregoing Propoſition it is 
manifeſt, that a Ray of Light coming from R to the Earth 
at T, will appear as if it proceeded from , where the Line 
Tn, produced, interſects the faid parallel Plane; and there- 
fore, becauſe T is parallel to R, and any Parallelogram, 
interſecting two parallel Planes, cuts them alike in every 
reſpeQ, it is evident that R muſt be equal to T », and 
Vn to VnD; wherefore ſince D and P ate equal to 
TW 


0 . 1 
” 
% 


(4 


two Right Angles, DSP and DAP muſt be equal, alſo, to 


two Right Angles, -and- conſequently. QR Nν (= VaD) = 


DSP= AFE..B 35 a or Rm, expreſſing the Celerity of 
the Earth at T, Us to be machn as 8D; or, becauſe 
8 DN FRE Draper ſame, Fes fa 2 FE ; wherefore 
the Angles AF:E,"Q.R being every where equal, and Rain 
a conſtant Proportion to FE, the Curve QmK deſcribed by 
mn, the apparent Place of the Star in the faid.paraliel Plane, 
will, it is manifeſt, be ſimilar in all Reſpects to AEB de- 
ſcribed by the Point E: But this Curve is known to be a Cir= 
cle; therefore * m K muſt likewiſe be a Circle, whoſe Dia- 
meter QR K is divided by R, the true Plaee of the Star, in the 
ſame Proportion as the Tranſyverſe Axis of the Earth's Orbit ia 
divided by: either of its Foci. Wherefore, foraſmuch as 4 ſwall 
Part of the cireumjacent Heavens may, in this Caſe, be con- 
fidered as a Plane paſſing perpendicular to a Line joining the 
Eye and Star, it follows from the Principles of Orthographie 
Projection, that the Star will be ſeen in the Heavens as de- 
{cribing an Ellipſis, whoſe Center (as the Excentricity of che 
Orbit is but ſmall) nearly coincides with the true Place af 
the Star, except the ſaid Place be in the Pole or Plane of 
the Ecliptick; in the former of which Caſes the Star will 
appear to deſcribe a Circle, and in the latter an Arch of a. 
— Circle of the Sphere, which by Reaſon of its Small- 
neſs may be conſidered as a Right Line. But theſe Conclu- 
ſions will perhaps appear more plain from the next Propoſition, 
where for the Sake of Eaſe: and Brevity, the Earth is con- 


ſidered as moving in an Orbit petfectly circular, ben bach 


| Ber real Orbit does not 3 r 132510 99 
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in the Center there- 
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y PROPOSITION 1. 
Having given, from Experiment, the Ratio of the Velvcity of 
Light to that of the Earth in its Orbit, and the true Places 


of the Sun and a Star; to find the apparent Place of the Star 
from thence ariſing. 


ET ArQA 

be the Ear th's 
Orbit, conſidered as 
a Circle; S the Sun 


PF V 
2. - 


of; the Earth mo- 
ving about the ſame Q 
from A towards Q 
re. a Line, which 
being produced, ſhall 
paſs thro' the Eclip- 
tick Place of the given Star; AS parallel, and 4 perpen- 
dicular, thereto : Let ef be perpendicular to the Plane of the 
Ecliptick, ſo that rf being equal to $7 or Radius, re may 
be the Coſine of the Latitude of the given Star: This be- 


ing premiſed, it is manifeſt that the true Place of the Star, 


from the Earth, will be in the Direction 7, and with Reſ- 
pect to the Ecliptick, in the Line re; therefore the Angle 
Sre (= QSr) being the Difference of Longitudes of the 
Sun and Star, is given by the Queſtion. Let 7 g, the Sine of 
the Supplement of this Angle, be denoted by &; its Coſine Sg, 
by c; the Sine of the given Latitude, or fe, by s ; and the Ra- 
dius Sr, or fr, by Unity; and while a Particle of Light is 


moving along fr, let the Earth be ſuppoſed to be carry'd in 


9 its 


aj” 


— —— — 


(6) 
its Orbit from r to p, over a Diſtance ſignified by 7; and, 
pe, pf being drawn, make n and 1m perpendicular there- 


to: Then becauſe of the exceeding Smallneſs of pr it may be 
conſidered as a Right-Line; and we ſhall have 1 (Sr):6 
(rg) :: (pr):rb(=pn); and1:r::c:re(= rn) (by the 
Similarity of the Triangles prn, Srg) ; whence as 1 (fp,) to 
s(fe)ſois rb, to rs e (un) the Sine of the Angle fm: 
But fince the Sine or Tangent of a very ſmall Arch differs in- 
ſenſibly from the Arch itſelf, theſe Values rc and 7b may 


be taken as the Meaſures of the Angles 7 fn, and fm: Hence 


we have, as the Semi-Periphery Ar Q_(=3.14159, &c.) to 


648000 (the Seconds in 180 Degrees,) ſo is 7c to a= 
(the Number of Seconds in the Angle rf7;) and as 3-141 59 


Sc.: 648000 :: 756: 2 555 2 un. Therefore, as 


the Earth moves from : to p while a Particle of Light is de- 
ſcribing fr, it is manifeſt from the aforeſaid Propoſition, 
that the Star Will appear removed from the great Circle 


paſſing through its true Place, and the Pole of the Eclip- 


tick by => Seconds; and to have its Latitude in- 


cteaſed by ===> Seconds, L E. I. 
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NCE if C be the true Place of the Star, SCF its 

Parallel of Latitude; and about C, as a Centre, the El- 
lipfis FPS T F, and Circle FH S O F be deſcribed ſo, that 
FC may be = 710759 U and T C, the Semi-Conjugate 
Axis, in proportion thereto, as s to 1; and if the Angle SCH 
be taken equal to the Difference of Longitudes of the Sun and 
Star; then in the Point P, where the elliptical Periphery is 
interſected by the Right Line H Q falling perpendicularly on 
Fs, the Star will appear to be poſited. For as 1 (Radius): 4 
(Sine of Q H):: CH: Xx CH HQ; but by the Rela- 
tion of the two Curves, CH: CT: : þ4xCH.(=H Q):PQ, 


; : . c « » 048000 r . 6q8000rsb 
chat is, by Conſtruction, ADEN 3.14159, Oc. * 5˙ 3.14159, Cc. 


C 2 =P Q; 


— 
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| 68) 
PI again as 1 (Radius): c (the Cofine of QCH) ::' 
22 (=CH): —— : <7 =C Q; which Expreſſions 


3.14159, Oc. 
are the very ſame as thoſe above determined. 


CORD L. N. 


FTOHEREFORE it follows, that while the Sun appears 

to purſue his Courſe thro' the Ecliptick, the Star will 
be ſeen as moving from F towards L and 8, and ſo on, till 
it hath deſcribed the whole elliptical Periphery FLSTF; 
that its Latitude will be the the leaſt at T; and its apparent 
Longitude the greateſt poſſible, when the Angle SCH, 
ſhewing the Diſtance of the Sun and Star in the Ecliptick, is 
equal to two right ones. It alſo follows, that the greater 
Axis of the Ellipſes, which all Stars appear to deſcribe, are 
equal, and found by Obſervation to amount to 40 + Se- 
conds.of a great Circle, very nearly ; the Term 20, 25 which 
frequently occurs in the practical Rules hereto annext, being 
put for the half thereof. It follows moreover, that.the greateſt 
Aberrations, or Maxima, in Longitude, will be as the Cofines 
of the Latitudes inverſely :; and the Maxima in Latitude, as 
the Sines of the ſame Latiiudes directly. 


COR OL. III. 
LIIENCE may alſo be found the Stars apparent Right 
14 Aſcenſion and Declination; for let ECP be the Pa. 
rallel of the Stars Declination, P the apparent Place of the 
Star when in that Parallel; make C A perpendicular to CH, 
ABD to SF, and BE to PC; and let HK, or the Angle 
HCK be any Diſtance gone over by the Earth in the Eclip- 
tick, while the Star by its apparent Motion moves thro' the 


Correſponding Diſtance PL: Let KmnG be parallel to H C. 
and 
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5 | (9) | 
and L v to PC: Then, foraſmuch as K L is parallel to HP, 
the Triangles GK L, CHP muſt be-equiangular, and there- 
fore GL:CP::KL: HP; but KL is to HP, 2s LI to 
QP, by the Property of the Curve ; whence it will be GL : 
CP::LI:QP: Wherefore, the Sides GL, IL, CP, QP 
about the equal Angles GLI, CPQ being proportional, the 
Triangles GLI, CP Q mult be ſimilar, and therefore the 
Angle GIL a right one, and conſequently the Right Line 
SF the Locus of the Point G. Therefore, as the Angles 
n,m,r, v are all given, or continue invariable, let the Angle 
SCK, or the ecliptick Diſtance of the Sun and Star be what 
it will, the Ratio of C to CG will always be given; but 
the Ratio of CG to Cr is given; therefore the Ratio of C 
to Cr is likewiſe given: Hence, becauſe 7 v 1s parallel to 
CE, the Ratio of CM to E v will be given. But Ev is the 
Difference of the true and apparent Declinations ; and C , 
as the Sine of the Angle HCK: Whence it is manifeſt, that 
the Aberration of Declination, at any Time, is as the Sine of 
the Sun's Elongation from either of the two Points wherein he 
is, when the true and apparent Declinations are the ſame ; 
and therefore Cm will be to Ev, or AC to E B, the greateſt 
Aberration, as QH to FB, that is, as the Sine of HCF to 
the Sine of PC Q: But PCY, being equal to the Angle of 
Poſition, is given, whoſe Tangent, it is obvious, is to the 
Tangent of HCF, as QP to QH, or as CT to CO, or 
laſtly, (by Conſtruction) as the Sine of the Star's Latitude to 
Radius: Hence the Angle HCF is given, from which, by 
Help of the foregoing Theorem or Proportion, the required 
Aberration of Declination at any Time, and in any Caſe, may 
be readily obtained. 

In like manner other Proportions may be derived for find- 
ing the Aberration of Right Aſcenſion ; it being eaſy to prove 
that it will be as the Sine of the Sun's Elongation from where 

D he 
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6209 
he is, when the true and apparent right Aſcenſions are the - 
ſame; but the Method of Demonſtration * the ſame as 
above, it will be needleſs to repeat it. 

I ſhall therefore now proceed to illuſtrate the dien Doc- 
trine by the practical Solutions of the ſeveral Problems depend 


ing thereon, as they were drawn up and communicated by 


Dr. Pobn Bevis, with ſuitable Examples of ſeveral Stars, which, 
among many others, He has carefully obſerved with proper 


Inſtruments, and thereby, the firſt of any one that I know- 


of, experimentally provd, that the Phenomena are univer- 


ſally as conformable to the Hypotheſis in Right Aſcenſions, as- 


the Rev. Mr. Bradley, to whom we owe this great Diſcovery, 
had before found them to be in Declinations.. 
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PRACTICAL RULES 


For Finding the 


ABERRATIONS 


FIXT STARS 


The Motion of Light, and of the Earth 
in its Orbit, 
1 N 
Longitude, Latitude, Declination, and Right 
Aſcenſion. 


SYMBOLS, 
A, the Aberration at any given Time. 


M, the greateſt Aberration, or Maximum. 
©, the Sun's Place in the Ecliptick when the Star's Apparent Longitude, Latitude, 


Declination, or Right Afcenfion, being the * as the Tree, tends to Exceſs. 


P, the Star's Angle of Poſition, = F +, 
Z, the Sun's Elongation from. its neareſt 1 with che Star, at the Time of O. 


For 


(12) 


* 7 
a * * 


wt "For the Abberration, Los ms A 
0 is always 3 Signs after the Star's true Place in the Feliptick. 4. 


8 
779 I. n. 


l 
- Cof. Star's Latit. : Rad. :: 20”, 25 M. 


On 


TA 12 Bx a MALE in Ur/e aninoris. ung 6 
, 7 £51 1 
Log. cf Ar. Com. Star's $ Latit. 75% 13 — / 5927 
+ Log. 20”, 25 — CC — 1.3064 


= Log. AP '» 39 


Y R OB 'n 1 fd A. 
R Ul. k. 


N: Sin. Sers Elongat. fm O „ M. A. 95 201% 191 
EXAMPLE in the ſame Star, 
OPERATION. 


Log. Sin. Sun's Elongat. from © 6009 8 — 9.9375 
+ Log. M 79",36 a ANTI A EO: nt ä 1.8996 


Leg. Sin. Rad Log. A 68% 72 — ˙——— ag. 
Otherwiſe, without, W. 
RULE 
_ Cof. Star's Latit. : Six. Sun's Elongat: from O:: 20”,25 : A. - 
Same RX ANN A as before” 
OPERATION. 


Log. Cof. Ar. Com. Star's Latit. 75 1!xäkͤͥę vͤꝛwͤ— — 0.5932 
Log. Siz. Sun's Elongat. from © 60 oo | — 9.9375 


N ” R 
+ Log. 20",25 — — — — — — 1. 3064 


” 3 „ % ” 6 * 0 p 
* 5 a 4 18 4 . 

Lag. Sin. Rad 508; hag her — — — 11.8371 
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0 | 0 13 ) 
For the Aberration in LATITUDE. 
© is always at the Sun's Oppoſition to the Star. 
PR OB. I. Jo fad M. 
84.6 R U l. E. 
* on. Star's Latit. : : 20 25 | M. 
| REA AMPLE Y in Urſe minoris. 


; | ORERATION. 
Log. Sin. Star's Latit. 75 707 — — — — 9.0854 
+ Log. 20",25 = 2 Un 1.3064 


— Log. Sin. Rad. Log. Mc 19,8 — 1.2918 
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PRO B. I. To fad A. 


| f rn. 
. Sin. Sun's Elongat. from © : ;M: A. 
Ts 25.2 bs 0; fre free. 
' OPERATION. 8 | 

1 Sin. Sun's Elongat. from O 60® 00 ' — 9.9375 

＋ Log. M 19˙%58. —————ů —-—-V— —¼—-— — — 1.2918 
4 Log. eee A PT: — — | 21,2293 

R U L E. 

Rad: : Sin. Star's Latit. X Gi=; Sun's. Wongat, from O:: 20”",z5 : A. 


— nenn s bee. 
| OPERATION. | 
Log Ti: Sar Lats 75* 13” £4 5 


++ Log. Sis. Sun's Elongat. from ©:60®: 00' — —— 997 
- o+ Log. 20”,25 _ — — 1.3064 


— —-—! — 


Fe — 4. Sin, Rad. = =Log. A 26-96 — . — 21,2293 
E ; Otherwiſe, 


. Py ** 
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= — * — — — R 0 U 1 — 6— p eos... 
Coſee. Star's Latit. : Sin. Sun's Elongat, from © :; 20",25 : A. 


Same ExamPLE.as before. 
OPERATION. 


Log. Cofee. Ar. Cone. Star's Latit. 55 -13' = —— 
+ Log. Sin. Sun's Elongat. from © 2 f 25 

+ Log. 20,25 C 
= Log. A 16˙%6 : 


For the Aberration in DECLINATION.. 


oon e 
a R UL E. 
Sin. Star's Latit.: Rad. : Tang. P. : Tang. Z. 


Then, if the Star (in reſpe& of that Pole of the Equator which is of the ſame 
Denomination as the Star's Latitude) be in a Sign. 


t. Aſcending, and P be acute, Z taken from the oppoſite wo in & i Phe, 
gives ©, 
© Aflotion. and Þ be ob. SOT © bs was Place, gives ©, 
3. Deſcending, and P be acute, rn. 
gives 8 a 
4. Deſcending, and P be obtuſe; Z taken from its true Place, gives O, 


ES that its Declination and Latitude be both North, or both South: But, 
if one be North, e os" ar 1 its true Place, read oppoſite to its true 
Place, and vice wer/d. . 


ExaurLz of Cafe I. in the Pole Star. 
OPERATION. 


Log. iu P 75 217 (acute) + Log. Sin. Rad. 20. 5827 
— Log. Sin. Star's Latit. 665 0 Nerth. - 9.9609 
= Log. Tang. Z 7634 — — 10.6218 
Therefore the Star's Declin. and Latit. being both N. its Place 8" 24* 557 
— — — 5 
— — 7 . 

=O. = — a — | 5 — — — Po o8 21 


Ex Am- 


(15) 
Exaurrz of Caſe II. in « Draconis. | 
OPERATION. | 


Log. Tang. p 93 po“ (obtuſe) + Log. Sin. Rad. —y 
Log. Sin. Star's Latit. 79 28 (North) - 9.9926 
= Log. Tang. Z 86 14' = ' 11.1813 
Therefore the Star's Decl. and Latit. being both North, its true þ of 29% 12/ 
Place (aſcending) 
+Z a PI 
— — 3 25 26 


=0 _ 0 
ExamPLE of Caſe III. » Ur/z najoris. 


OPERATION. 


Log. Tang. P 382 36” (acute) + Log. Sin. Rad. — 19.9022 
— 9.9102 


— Log. Sin. Star's Latit. 54 25 (North) - 
| 9.9920 


= Log. Tang. Z 44 29' — 
Therefore, the Star's Decl. and Latit. being both North, its Place : $2" 20* 277 


(deſcending) +6 Signs 
{| 47422 — ——v— —— 1-4 29 
7 = O — * 5 — I 07 43 
+ ExamPLle of CaſeIV. in / Ur/z minoris. 


OPERATION. 
Log. Tang. P 94 48 (obtuſe) + Log. Sin. Rad. 21.0759 
— Log. Sin. Star's Latit. 75 13” (North) — — — 9.9854 


== Log. Tang. Z 85* 22” - 11.0905 
Therefore, the Star's Decl. and Latit. being both North, its true 0 417 fo 


8 0 k n 
e 1 n > 4s © . * 
* 9 3 A A « SE 


Therefore, 


Place (deſcending) 
4 — 7. — 2 25 22 
£ = 0 — — — — 1 22 28 
: In each of theſe four Examples, the Declination and Latitude are of the ſame 
4 ination ; it may ſuffice to give one where they are of contrary Denominations. 
; Ex AMT of Caſe III. in Aldebaran. 
; | OPERATION, 
4 Tang. P9 40 (acute) + Log. Sin. Rad. — — 19.2313 
1 4: Star's Latit. 5 30“ (South) —— — — 8.9825 
= Log. Tang. Z 60ö388=•(kük'Lv»„¾vkwyæęæꝓyña«)!:ç . —— 10.2498 


\ 


(63 
"Therefore, Star's Decl. being "North, uud its Eft,” Sock, its 

Place — — gg —— 25 08 or 
- + Z- 1 — — Re * * T ng pope AO l 9 : al .00 38 

* n N a — 
* 2 — run 06 45 


* - 
: $$ © © 1 — — 
* * ous 


ROB. 11. To find M. 


. : S. E : 0%, / M. EO 
| ExaMPLE. in y Ur/e-minoris.. | 
O PERAT 1 ON. 
Log. Sin. 7. Ar. . 85 ® 22 
Kar = (ny * „26 2 — — GT ARE 3064 
| — Log. Sin. Rad. = Log. M 20”, 2.4, — ENEMY. 


"Px of HR Og | P R 0 B. III. To find A. 
8 11 re ere ere RK U 4 1—ůůůů— ßç] 2 e222 
Rad. : ; Sin. Sun's-Elongat. hm O : M2 2. om wc 


ExAMPLE in 4 Urſe ae. 
OPERATION. 5 A 


— = 


Log. Sin. Sun's Elongat. from O 75 O 31 * —— 90 


I. M 187.04 — n 2 1.2560 
? | OO —— 


— Log. Sin. Ra. = Log. A 17146 + — 


Otherwiſe, without M. 
y U L. B. 
| Rad. X 8h. Z Fix. Sun's Elongat. from © X Sin. P:: 20",25 : A. 
Same E TAU I 1 as before. 
OPERATION. 


1 * 


Log. Si. Sun's Elongat. from O 75 31 — 


2 1 


IT Log. Sin. Ar. Com. Z 44 — R r 0.1545 
—— 2 1.3064 


N. 200,25 — — 


i — 2 Log. Sin, Rad. = Log. A 17,46 = — — * 


—— — 0.0014 


3 nee n 
* We Mn N 4 n 
_ 4% 226 hi 


| — 9.9860 
- + Log. Sin. P 38936 — R 9.9751 


n 


- 
- * e * 4 _ 
LEW 42 8 2 2 4 > 4% N F 4 
. NN b 5 em 1 * 3 
N ö r N N e ** ; 
. * a £ PIT 0" 


* 2 — —- 


P R 0 B. L To find Os 27 
| x A WM, 
Sin. Star's Latit. + Rad. : : Cotang. P. : Tang. Z. 
Then, if the Star (in refpe&t of that Pole of the Equator which is of the ſame 
Denomination as the Star's Latitude) be in a Sign 
1. Aſcending, and P be acute, Z added to its true Place, gives ©. 


2. Aſcending, and P be obtuſe, Z taken from its true Place, gives ©. 
3. Deſcending, and P be acute, Z taken from the oppoſite to its true Place, 


gives ©. 
[4 Deſcending, and P be obtuſe, 2 added to the egal to is ws lace, 


gives O. 


Examyre of Caſe I. in Sirius. 
OPERATION. 


Lani th Star's Latit. 39 32 (South.) - = 0.196: 
+ Log. Cotang. P 4* 187 (acute) — 11.1238 
== Log. Tang. 2 879 63!⸗ÿÄé-ł!„—”,nlhng!ññ1U1v!,ñv!ÿ6 11.3200 
Therefore the Star's ow — —_ 3* 10 20 
+Z = — — 7 16 
=O » — — - — 6 07 4s 


ExamPLE of Caſe II. in + Draconis. 
| OPERATION. 
Log. Sin. Ar. Com. Star's Latit. 79* 28 (North 0.004 


+ Log. Cotang. P 93 9 50' (obtuſe) *— 8.8261 
Log. Tang. Z 3 54 — 8.8335 
Therefore the Star's true Place (nſeending) - — o 29% 12 
—2 — o 03 54 
2 0 — — — — = © 25 18 
F Ex Au- 


— - — + * . * 
* — — r —  — 


* ir 
—— — A 
K . — r — 
rr gs ooo es can oo no - — 
— 0 ©... a . 
-- — — 


U = 7 4 * 
* * c 1 2 « = 
9 - . 
- . 
« a. OST; * 
+ , , * 1 J 2 Ke — 81 = 
N - * < S % 4 -+ "5 
= \ 4 7 bj : 4 
. . KL * 7 1 
* . A 
l #8 - 
3 «74 ' <q * - \ — - 9.4 , * ©. 
5 
- = 
OY 
- 


- TT» Drake”. RIOT 
OPERATION. 


Log." Sin. Ar. Con Star's Latit. 44 28” —— 0.0162 


— 


+ Log. Cotang. Cs, 36” (acute) — ——— 3.2072 
= Log. Tang. 2 86 * | | hwas 11.2174 
There, th S's tvs Place fecenting 13 1 
—2 2 26 32 
2 — — — . 27 Tl 


ExamyLe of CoaſeIV. in y Urſe minoris. 
OPERATION. 


"Log. Sis. Ar. Com. Star's Latit. 75 13” (North) 
＋ Log. Cotang. P 94 48 (obtuſe) — — 8.9241 
= Log. Tang. Z 4® 58” | _ — GOI 
Therefore, the Star's + ns Pic (tofendig) 825 ns — 17 50 
+7 — 1 


— 10 22 
CS * „ * 9 
- — . * 


— 
— - 
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PRO B. H. To find M. 


R U L B. 
ena X Sin. Z : Cof. P X Rad. :: 20% 25: M. 
ws, 8 E x AN in the Pole Star. 


ortnATion 


. 
. ; 
( C * 


P R O B. II. T % A. 
R U L B. 
Rad. : Sin, Sun's Elongat. from O:: M: A. 
Ex aur E in Lucida Aquile. 
OPERATION, 


Log. Sin, vows Om om O 65 24 — _ = 9.9587 
＋ Log. M 20 — — — 1.3049 
— Log. Sin. Rad. = Log. A 18",34 11.2636 


Otherwiſe, without M. 
R U L E. 
c, Star's Decl. X Sin. Z: Sin. Sun's Elongat. from O X C Þ :: 20% 25 : K. 
Same ExaMPLs. 
OPERATION. 


Log. 1. Sun's Elongat. from © 65 24 — 90587 
-+ Log. Cof. Ar. Com. Star's Decl. 8 12 — 0.0045 
+ Log. Sin. Ar. Com. Z 84 36' — | 0.0019 
+ Log. Cof. P 10 55) — —— — 9.9921 
f — 1.3064 
| — 21.2636 
it 1 ; ; D : — 
BR GEN 


1 20 ) | x 0 


* 4 


— 


a * by FN FM 


Gru Nor zs. 


1. That the Rules give the Values of A and M. always in Seconds of a Degree. 


2. That if the Sun's Place be in that Semicircle of the Ecliptic which precedes 
O, A muſt be taken from the Star's True Longitude, Latitude, Declination, or 
Right Aſcenſion, to ſhew the . but if it be in that Semicircle which fol- 


lows ©, A muſt be added. _ x 
3. That vp, c, P the North Pole, 
and Deſcending in reſpe& of the South Pole of the Equator: And 8, K, m, 


, m, , are Aſcending in reſpe& of the South Pole, and Deſcending in reſpect 
of the North Pole of the Equator. 


4. That a Star may be fo poſited, that the fall Eltiple which it apparently 
eſcribes, may, by including, or approaching very near to the Pole of the World, 
make it fail under very different Conſiderations and Rules from any of the forego- 
ing; but as the beſt Inſtruments have not diſcoyered any ſuch Stars, thoſe Conſi- 
derations and Rules have been here omitted. 


— 


Of the MOTION ORBIT S of Bodies 
| | affected with Projeile and Centripetal Forces. 
+... PROPOSITION I. 
A Body being let go from P, at agiven Diftance PS, from 8, 
| the Center of Force, in a given Direction PB, with à given 
Valeity; To find the Conic Sedhion it will deſeribe, and the 
| Periodic Time, in caſe it returns, the Law of Centripe- 
| tal Force being as the Square of the Diſtance inverſely, and 
the Ahe Force "given, © 0 . 
Er As f be be 


greater Axis of 
the Section, OCD the 
leſſer, and the up- wy 
per Focus. SuppoſesK 


indefinitely, near SP, „ 
and the Area ASW 


 eqttal-to the Area PS m Y ACI 
R; draw SBand H | F 
G perpendicular to 2 * 3054 23ers | 1 
the given Tangent a og 
BP G, and R 3 1 * — 


and mn to 8 P and „ 8 
AF reſpectively: Let 7 be the Diſtance that a Body would 
freely deſcend in any given Time, , by an uniform F orce, 
equal to that affecting the Projectile at any given Piſtance 
8 T (5) from the Centre, and let v be the Space that the 
Body would uniformly deſeribe with the given Velocity 
at P; in the ſame” Time: Call A F, a; O D, e; the Latus 

G Rectum, 


_ he Sine & SPB, to the Radius , 3. 7 — it will be as ® 
125 12K 13 "Pb R 7; 'whenes 2 x d\ Rs * 'will expreſs 9 


| ca of the infinitely ſmall Gt — Psk, ms A: And 


Rid Areas by Radii drawn to the Centre of Force: Where. : 


2 22 RY Fee l 7 N N 2 * 


, 


Rectum, or © R; SP, 43; PR, x; the Periodic Time; P, 


it will be as oi & = the Time of the Projectile 1 
moving thre P R, or that of its deferibing either ef the | 


fore, the Diſtances which Bodies freely deſcend by _ 
Forces, being as the Squares of the Times, We Wes, as m* 


: * 


2 2 the Square of that Time, to —— - the Diſtance 
a Body — 25 freely deſcend from the Point F in the fame 
Time; but as AS*:5* (ST*'): : 45 2 bhant As, the 


vV®*XAS3 
Diſtance it would freely deſcend from the Point A. in that 


Time; that is, in the Time the Prqjectile is deſcribing, 


Am: Hence, becauſe £2: dom the Area of the re AS; 


. 
divided by f AS, e Fa . = FN 


+016 A 4 W 1 : A 


fince =. , In the ultimate Ratio, or 1 As is indefinite ely 


ſmall, will be = the Latus Rectum, Jet the Curve KP be 
what it will, Furthermore, ſince SP+PH is = PI or A 

and the Angle SPB=H PG by the Property of the Curve, i 1. 
will be as 1:52: 4: 54 =SB,' and as 1: % A 5x4 
—d=HG; but by another Property, BS MG#=0Cs | 


$3 


or 5. ee 25 whence by ſubſtituting this Valueof C 
r RN Ut 


> 


in the other Dees 57 K R) we get 14 U — 


/ 


2 
1 


2 44 4 
wh; 2, and PH =" "Tov 
Tar bb 


- ng fom which, as the 7 Angle HPG is given, the Focus 
H is giyen likewiſe; ; 9 the Orbit may be readily con- 


aructed, it peing, w when . is poſitive, an Ellipſis, when 


infinite, a nina and — negative, an Hyperbola 5. 
—.— 


wherefore, unleſs 5; be affirmative, or greater than 


v v, the Projectile can never return. Now, ee putting 
2 for the Area of a Circle whoſe Diameter is Unity, and. 


fppoling 7 Heater than vv, the Area of the whole 


| 1 
Carve, (being an Ellipse,) will be 27 * | equal 
to ich (= oe); but as the Area is to == the 
Time of its : Deſcription, fo is the Area of the whole Ellip- 


Tate nf 
to = = X 21 or == - pu P, VE Time of one 
a, Ten nth 


intire Revolution 2 E. 1. 


* ' 


COROL I. 


E CAUSE 2, the Square of the Time of; de 
ſcribing the Area RSP, is to — » the Square 
of that Area, as (1) the Square of a conſtant Particle of 


Time to . the Square of the Area deſcribed in. 


this laſt Time, it is evident t that the 6 laſt named will - 
be 


— 


6³9 


ve . Latin W 224: as 76*: ½ ; which 
Proportion being conſtant in all Caſes relating to the ſame 
Center, it ſollows, that the principal Latera Recta of the 
Orbits of different Bodies, about a common Centre of Force, 
are directly as the Squares of the Areas deferibed by the re- 
e Bodies, in the ſame Time. 


CORO L. u. 


REOVER, ſince BS is 4d, ind K 70. we 


2 2 is to v, in the conſtant 


Ratio of 0 : Hence it appears, that the Velocities 


are, univerfally, in the ſubduplicate Ratio of the Parameters 
directly, and the Perpendiculars falling from the Center of 
Force on Tangents to the Places of the Bodies, inverſely, and 
therefore, in the ſame Orbit, the Velocity will be, barely, 
in che inverſe Ratio of the Perpendiculars ſo 2 


Sen Hh, 


INCE Pis=27x at, or, in a conſtant 8 


tion, to at, let v, 5, and d, be what they will; 
it follows, that the Periodic Times, about the ſame Center 
of Force, whether in Circles or > ol will be in the 


er * of the * Axes. 


% 
o = A 
* 
— — - N 
7 - . 4 * , , & * * n . 4 
. = - - * # * + - * 
* - 1 
. & ® . 1 A - - « . " : 
* % 9 
V+ - 


* * R * = . ny . * * — 7 
. y " 10 =; W cv ©. » * 1 + 7 . * 

8 - * - * 341 l 4 = @ # 9 . * 4 2 * © EE © . * — % 4 « * 4 — = 9 # T * 
* 


(25) 
COROL. IV. 


JECA USE neither the Values of @ nor P are affecked by 

s, it follows, that the principal Axis, and the Periodic 

Time will be the ſame, if the Velocity at P be the fame, let. 
the Direction of the Projectile at that Point be what it will. 


ORO. . 


Warn == "= (Sa) is = 2.4, or, which is the fame, 


4766 


when v os then 4 being the mean Diſtance or Semi- 
Tranſverſe, this Point P will fall in one Extreme of the Cons 


jugate Axis, and 5/2" "> the Velocity there, will be juſt ſuf- 


ficient to retain a Body in a Circular Orbit at that Diſtance 
(2) from the Center of Force; and this Velocity, in reſpect 
of different Orbits, will, it is obvious, be inverſely as the 
Square Roots of the mean Diſtances: Wherefore the Velocities 
Bodies in Circular Orbits about a common Centre, ate reci- 
procally in the ſubduplicate Ratio of the Radii. 


CORO L- VI. 
Tr» be- 5. Y or the Square of the Velocity be juſt twice 
as great as that e the Projectile might deſcribe a circu- 
lar Orbit at its own Diſtance from the Center of Force (Cor. V.) 
then a, the Tranſverſe, becoming infinite, the Ellipſe degene- 
rates into a Parabola, whoſe principal Latus Rectum is 4 ds; 
whence it appears, chat the Velocity of a Body moving in a Pa- 
rabola is inverſely as the Square Root of its Diſtance from the 


Centre of Force, and that it will be, every where, to the Ve- 
H locity 


+ 


locity that might carry the Projedtle in a circular Orbit, at 
its own Diſtance from the Centre, a as the Wag Root of two, 


hd 3 5 | [3.4 mem , '* ys "» * 
| 2 * 4 - — — *. \ 
1 
c 0 R 0 L. vn. 133 
CE : 


Bor if v be greater than b 2 „ the Trajectory Pl 


2 
be a whoſe ae Axio is 22 (=- a) as 


77 is —— 
has been before intimated, and therefore 682222 a —J} 
—— | 
Jae =_ 77 Hence, from the Nature of the Hyper- 
bols, if R be aſſumed for Radius, 2 Nes (= # 
| 2r | f 
=) will be the Tangent of the Angle which the A- 


ſymptote makes with the Axis, or the Supplement to 180* 
of the utmoſt Elongation the ProjeQile can poſſibly have 
from the loweſt Point of its Orbit. 


PROP. 


„ 
* 
* 
* 
— 
< 
%. 


- . 2 977 a * . — . * 1 ” 
1 = = - 4 + = _ 4 G * 1 * — Fg nc \ . : _ : ', - — Cc ” — 1 - 6 

% - Py - a & N _ 4 _ = : 0 4 * 0 * 4 hy _—_— . , p 4 ” . «s 3 E P 

4 F ' , * * N 2 - - 8 % — 9 1 2 
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1 Body is let go from P, at @ given Diftance P C from C 
-* the Centre of | Force, in'a\given Direction Pb, with a gi- 
ven Celerity; To find its Trajettory ? the centripetal Force 
© "being as any Power (n) of the Diſtance, and the abſolute 


o 


Force at P given, 
T ET R be a Point 
in the required 
Trajectory, and 7 ano- 
ther indefinitely near it; 
and with the Centre C/ 
Jet the Circular Arches 
Pe, RU, vnr, be 
; deſcribed, and having 
; drawn CRe, Cr f,&c. 
F t&CP=a,iCR (=C, 
U) =x, Pe A, R 
(SU x, 7 = R 
&, and = the Sine . 
of the Angle CPb to 5 
4 Pb (m) be the Space 
that might be-deſcribed in (r) a given Particle of Time 
with the given Celerity; ander the Diſtance a Body 
| would freely deſcend in that Time, by an uniform Force 
4 equal to that affecting the Projectile at P: Then the Space 
which would be uniformly deſcribed in that fame Time, with 
the Celetity acquired by deſcending thro' the faid Diſtance r, 
it is well known, will be equal to 27, But, from hence 
to 
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( 28 ) 0 
to find the Celerity at R, with the ſame Velocity that the 


given Projectile is let go from P, towards 6, let another pro- 
ceed from the fame Point, in 4 Right-Line paſſing directly 


thro! the Center of Force; and let the Celerity at U, or the 


Space that would be Ahifemiy deſcribed therewich in 1, 
the aboveſaid Particle of Time, be denoted by v: Then, as 


a", the Centripetal Force at P, is to x", that at U, ſo is 27, 
the Velocity that might be er by the former in the 


given Particle of Time, to , that which would be gene- 
nerated by the 282 in the Lime Time: Wherefore, as 1, 


that Time, to , fo is =, the Time of deſcribing a, 


to v, the Veloci acquired in this Time: Whence, by mul- 
tiplying Means and Extremes, &c, we get VV A and 


a 
n+1 urg, ICT 
therefore v v = —=— + ſome conſtant Quantity d; which 
=P | * j 
to determine, let U coincide with P, * be = a, and 
— rat 


v nm, and the Equation becomes — = IEF, + d; 


hence d=— + 7715 ; which Value being ſubſtituted above, 


we ſhall have — = ==. + 2 2 and therefore U 
TI n+1Xa® 


2 + LE —.— : But this is likewiſe the Celerity of 


| "+1 75 1 X24 
the firſt Projectile at R: For ſince both Bodies have the ſame 
Velocity at P, their Velocities, at all * Diſtances from the 


Its 


Centre muſt be equal ; and therefore Vos m+ De LEED, or 


G 
x. 
7 

4 5 : 

4 


OR "Fe * 


a 149 


its Equal V ; +22 will conſequently be the Time of the 


Aid given Projetle moving thro' R, or of deſcribing the 
the Area 2=RCr, by Radii drawn to the Centre of Force: 


Wherefore, face 2 is the Area of the little Triangle PC5 that 


might be uniformly deſcribed in, 1, the given Particle of Time, 
with the Velocity at P; and, becauſe the Areas are as the 


Times, it will be, as 2 to 1 (the ſaid Time), fo is , to 


E-: Hence we get y = * or, 


rr 
S „ 4 


1 & 


. 145 . * —— » by ſubſtituting inſtead of 
Vans Lz 
V2, its 2 Value, as above found. But as Cr, is to n, 


naaxx 


72 Cf (S4): e „ e =A (=ef); 
1 ＋ 1 1 IXa 

whoſe Fluent Pe is the Meaſure of the angular Motion; from 
which, when found, the Orbit may readily be conſtructed; 
becauſe, when Pe, or the Angle PCR, is given, as well as 
CR, the Poſition of the Point R is alſo given: But this Value 


of A is indeed too much compounded to admit of a Fluent in 


-general Terms, or even by the Quadrature of the Conic Sec- 


tions, except in certain particular Caſes, as where u is equal to 
I, —2, —3, or — 5, or the Law of centripetal Force, as 


the firſt Power of the Diſtance directiy, or the 25, 3*, or 
5 Powers thereof inverſely ; therefore, in other Caſes, can 
only be had by infinite Series, &c, or Curves of a ſuperior 
Order, Q. E. I. 


I COROL. 


30) 


CoROL. 1 


. inflead of the abſolute Celerity of the Projectile at P, 
the Ratio thereof to that which it ſhould have to de- 
ſcribe the Circle Pe, be given, as 5 to 1, and not only the 
ſame Thing, but the Ratio between the Celerity at any o- 
ther Diitance CR, and that which a Body muſt have to de- 
ſcribes a circular Orbit at that Diſtance, be required: It 
will be, as @”, the centripetal Force at P, to x”, that at 
R (or U), fois 7, the Diſtance a Body would freely deſcend 
by the * of theſe Forces in 1, the given Particle of 


Time, to , that which it would deſcend by the latter in 


the ſame Time: Therefore if Us. be taken equal to , 


and gt be made perpendicular to A C, it is manifeſt, — 
U:, being indefinitely ſmall, will be the Diſtance 
which a Body muſt move. over in the aforeſaid Particle 
of Time, to deſcribe the Circle UR: But Ur, by the Pro- 


perty of the Circle, is. in that Circumſtance = n | 


27 x wi 


> 


Sheretore. we have, as ww, 


to v, or its Equal, 


1 (above found), ſo is the Velocity a Bo- 


dy. muſt — deſcribe that Circle, to that with which 
the given Projectile arrives at R: Therefore, when x is S, 


* = => | ** 
and R coincides with P, the Proportion of — to 


Mes - 7 ry we” u ; . ” : - 
, WICH. there is, as V2, to m, is. 
ul Nd | 


given as 1, to p, by Suppoſition ; ; whence, multiplying Ex- 
1630 - tremes 


| (a7) 


tremes and Means, we get m pra; which being ſub. 
ſtituted inſtead of m, in the Value of v, it = become 


— "I | 
- 


. + =. | | | 
SET Tet RET rat txt . n; 


2 71 X — . — anm+1 \ 
therefore this divided by V => „ is J AN g 4 


for the Ratio that was to be found. And, in like man- 
ner, by ſubſtituting for m in the Value of A, we get 
3 1 

| oe 

5 required. 


Fe 725 22 kan the * r 


COR O L. II. 


ENCE, if the Angle CP5 be ſuppoſed to be di- 


miniſhed in inſinitum, and p +- 1 


n Ws. + 


I 1 
„Zrall, the ſaid Value of v, be] taken So, we ſhall have 


2 71 


- if. 
L N 


2 —ññ — — f 
X=IPPXn+1+ 1 +1 x a, (= CA) the Height to which 
the Body would aſcend, if projected directly upwards ; there- 


EET 
fore, N u ITI wy) * - Af, is the Diſtance © 
i t muſt freely deſcend to acquire the given Velocity; 
which Diſtance, therefore, with an uniform Centripetal Force, 


where n , will be = E; and with a Force inverſely, as 


the Square of the Diſtance, = 2 But when þ is 


=1, or the Velocity of the Projectile at P is * ſufficient 
1 toy 


(32) „ 


10 uin 4 Body. in the aueh Orb P., Ar then becomes 


Fax ; which in the faid/two Caſes, will be fa, 
4 reſphlieely s but infinite W 


3 eO 01 * 
"HEN 11 a pofitive Nowber, che Veloci 
ViFaxp += «= at the Centre C, 
where a becomes o, will, it appears, be barely equal to 


E 2 - . a 33} 4 $31 
Hare * but, when 2+ 1 is negative, or the 
Law of Centripetal Force more than the firſt Power of the 
Diſtance inverſely, it will be infinite; becauſe then, the In- 


dex being negative, x*+! (or its * * n come in- 
to the Denominator. 


C.O. R O L. Iv. 
NV OREOVER, when n+ 1 is negative, and x 
IVi infinite, the ſaid Velocity will alſo become 
„ eee 
HJara xp; = becauſe then, for the Reaſon above 
Lare xno+1 wall he m0; : And therefore, when the Cen- 
petal Force 1s more than the firſt Power of the Diſtance 
per a Projectile moving from P with the given Velo- 


city p Zar (n) along the Right-Line PA, will af 
end. even to an "= Height, and have a Velocity there 


fignified by, ra x Þ2 + ot or or in Proportion to the gi- 
ven Velocity, as * 75 


, to p, provided p* * 555 


= 


Rad 1 
be rr for otherwiſe the Thing is impoſſible, the Square 
Rs of. wu Quantity being manifeſtly ſo. 


C ORO UL. v. 
ENCE, if the leaſt Velocity that can carry the Body 


E to an infinite Height, or that which it would acquire 
by freely deſcending from the fame Height, be required : 


_ By making þ* « 5+-: hes So, we ſhall have p= 2 2 3 Which, 


1 ſubſtituted i in p VV 2ar gives * Haar =2 A= 12 ＋ 1 


for the Value ſought ; and this, it is manifeſt, is to A. 
the Velocity a Body muſt have to deſcribe the Circle Pe, 


as /=Z , to Unity : Therefore, when 7 is leſs than — 3, 


or the Law of Centripetal Force more than the Cube of the 
* Diſtance” inverſely, a leſs Velocity will carry a Projectile to 
an infinite Height in a Right-Line, than can retain it in a 
circular Orbit, was it turned into a proper Direction. 


CORO L. VI. 


HEREFORE, if it were required, how. r a 
| Body muſt deſcend by an uniform Force equal to 
"X that affecting the Projectile at the Point P, to acquire the 
© fame Celerity that another Body, by freely falling from an 
infinite Height (as above) has at its Arrival to that Point; 


then, by ſubſtituting the Value V= „as found in the laſt 


Article, inſtead of its Equal, in £2* (ſee Cor. II.) there comes 


out —= for the Value ſought : And hence it appears, that 


the Velocity with which a Body, falling freely from an in- 
K finite 


( 34 ) [ 
finite Height, would impinge on the Earth, is no greathr than 
that which another Body may acquire by an uniform Gra- 


vity, equal to that at its Surface, in falling ny thro a * 
equal to its Semi-diameter. 


SC HO LIUM. 


ROM the Ratio found in Corollary I. between the Ve- 

* locity with which the Body arrives at any Diſtance (x) 
from the Centre of Force, and that which it ought to have to- 
deſcribe a Circle at the ſame Diftance, it will not be difficult 
to determine in what Caſes the Body will be compelled to 
fall to the Centre, and in what other Caſes it will fly ad infi- 
nitum therefrom. For, firſt, if the Body in moving from P, 
begins to deſcend, or the Angle CP be acute, I fay, it will 
continue to do ſo till it phos,” falls 1 into the Centre of Force, 


———ũĩ—̃ĩ̃ — — 


if oe QU (\ S 7 N +) in its Acceſs 


thereto, be not ſomewhere 5 0 than Unity; or, which is 
the ſame in effect, unleſs the Body has ſome where a Velocity 
more than ſufficient to retain it in a circular Orbit at its own 
Diſtance from the Center of Force: For, if it ever begins 
to aſcend, it muſt be at a Point, as D, where a Right-Line, 
drawn from the Centre, cuts the Orbit perpendicularly, 
and there, it is manifeſt, the Celerity muſt be as above ſpe- 
cified, otherwiſe the Body will ſtill continue to deſcend, or 
elſe move in the Circle DL about the Center C, which is 
equally abſurd. On the contrary, if the ſaid Quantity, in 
approaching the Centre, increaſes ſo as to become greater than 
Unity, or be every where ſo; then, the Velocity at all infe- 
rior Diſtances, being greater than the Velocity that is ſuffi- 
cient to retain a Body in a circular Orbit at any ſuch Diſ- 


tance, the Projectile cannot, it is evident, be forced to the 
Centre. But 


( 3s) 
Buß on the other hand, the Angle C P 5, being ſuppoſed 
obtuſe, it will evidently appear from a like Reaſoning, that, 
if the faid Quantity be always greater than Unity, or the Body 
in its Receſs from the Center, has, in every Place thro which 
it paſſeth, a Velocity greater than is ſufficient to retain it in 
a circular Orbit at the Diſtance of that Place from the Cen- 
ter of Force, it muſt, of conſequence, continue to aſcend 
al iuſinitum. 
Now, therefore, to find in what Laws of Centripetal 
Force theſe different Caſes obtain, let the Angle CP 6 be firſt 
ſuppoſed acute, or the Body towards the Centre, and 


| : 
x inthe aboveſaid Quantity / p* + e to be 


infinitely ſmall; 2 it is evident, that that Quantity will 


become either V = 2 = or infinite, according as 1 ＋ 1 is a 


negative . or ee wherefore, in the latter of 
theſe two Caſes, the Body can never be forced into the Cen- 
tre; neither can it in the former, when has any Value be- 
twixt — 1 and — 3, as is manifeſt from above, becauſe 
. is greater than Unity (Rectilinear Motion being here 
excepted : ) Nor will either of theſe Concluſions hold leſs 
true, when the Angle CP 6 is abtuſe; for it is obvious, 
that if the Projectile cannot be forced to the, Centre, when 
directed towards it with the leaſt Obliquity, it never can, 


when the Obliquity is increaſed: But on the contrary, 
if 2+ 1 be either equal to or leſs than — a, and p be 


leſs than 1; then the faid Value VE not being 


greater than Unity, the Projectile muſt Wei be drawn in- 
to the Centre ; for, the afore- mentioned general Expreſſion not 


exceedin 7 


636) | | 


exceeding Unity, neither at ibe given Diſtance a, nof at the 
leaſt aſſignable Diſtance, cannot at an intermediate Diſtance ; 
becauſe, in the Deſcent of the Body, the Expreſſion muſt ei- 
ther increaſe or decreaſe continually, there being only one 
Dimenſion of the variable Quantity (x) concerned. But, 
when p is greater than Unity, other Things continuing the 
ſame, I fay, the Body, if it eſcapes the Centre, and once begins 
to aſcend, it will continue to fly from the ſame ad 7nfinitum, 
For, ſince the Part D L, &c. of the Trajectory, which it will 
begin to deſcribe on its leaving the loweſt Point D, is in every 
reſpe& equal and ſimilar to D R, &c. if another Body projected 
upwards from P, in the oppoſite Direction, with the ſame Ve- 
locity, continues to aſcend ad infinitum, our firſt Projectile, 
after it has paſſed the loweſt Point, muſt do fo too, and vice 


verſa ; therefore p Sel being there affirmative, and the 


Toros 
Angle CPs obtuſe, the Quantity / p. ＋ - 7 — . 2 
when x is infinite, will alſo be infinite ; whence from the 
above Reaſoning, the Poſition is manifeſt, Hence we conclude, 
firſt, that when u is greater than — 3, or the Law of Cen- 
tripetal Force, as any Power of the Diſtance directly, or 
leſs than the Cube thereof inverſely, the Body cannot poſſi- 
bly fall into the Centre, except in a Right- Line. And, ſecondly, 
that, when the Force is, as the Cube, or more than the Cube 
of the Diſtance inverſely, it muſt either be forced to the 
Centre, or fly an infinite Diſtance therefrom, unleſs it moves 
in a Circle. 
Furthermore, becauſethe : a bovelaid Quantity, when x is in- 
finite, in all Caſes where 1-1 is negative, and þ p greater than 


= , appears to be greater than Unity, it follows, that in all 
thoſe 
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(37 ) 
thoſe Caſes, the Body may aſcend, even to an infinite Height, 
and will do ſo, when m has any Value betwixt —1 
and —3 ; becauſe then, tho' the Body ſhould at firſt approach 
towards the Centre, its Aſcent cannot be anticipated by being 
drawn into it, as it may, when the Value of u is ſmaller, 
as has been above ſhewn. 

Nate, The fame Things may be otherwiſe determined by 


Help of the laſt general Value of A; for if pP * * &- 


—7˙1 a. the Square of its Diviſor be 
made equal to nothing, the affirmative Roots of that Equation, 


or Values of x, will give the greateſt and leaſt Diſtances of- 
the Projectile from the Centte of Force, and therefore in thoſe. 
Caſes, where it is found not to admit of two ſuch Roots, the 


Body muſt either fall into the Centre, or fly it ad infinitum.- 


e 


| A and P two Places of 
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| PROPOSITION m 
To find the Motion, or Angular Diftance of the Apfides, in 


Orbits nearly circular; the centripetal Force being as any 
| Power of the Diftance. 


ET Ar Pa be the 
propoſed Orbit, 


the higher and lower 
Apfides, Ae Ea A, and 
nPbn, Circles deſcribed 
with the Radi AC, 
CP about C, the Cen- 
tre of Force; let be 
2 in the Trajec- 

tory taken at Pleaſure ; 
and let the Velocity of 
the Body at the higher Ape be to that which it ought to 
have to retain itſelf in the Circle Ae E, as I —e, to 1; 
calling AC, 1; re, y; Cr, I—y 3 anc and Ae, A: Then, 
by ſubſtituting, 1 for @, 1 for 5, Ie for p, 1—y for 

1 

and y for x "#% at hit * Pe 

X, 3 5 in r XXX — 2 12 — . 


the general Value of A, as found by the laſt Prob. the ſame it 


3 
is manifeſt, will become = AER 1 2 2 


for the Value of A Os; which 888 


cing 
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( 39) 
cing 4 Il and I—y"T3 into ſimple Terms, is 


25 y 1 —el 
R_— — 
A 4 XIE Dae 
5 FEE 
Ge. = — MM 1 1 
1 29 —=IF3X = * R N i=, 3 


but, becauſe e and y, by the Nature of BY Queſtion, are very 
ſmall, all the Terms wherein more than two Dimenſions of theſe 

uantities are concerned, may be rejected as inconſiderable in 
reſpe& of the reſt; by doing which, our Equation becomes 


. © O82 ; which (for the above Reaſon) is 


ef 9 


— 2 — very nearly: But the 
1 e; 1 2 5 
Fluent of . when „ becomes ro, or AA E, 


2 no+3 
VIE? 
is equal to a Semi-circle whoſe Radius is Unity, or to 186 


180 
Degrees; therefore == x 180* Degrees, is the 


Meaſure of the Angle ACP. L. E. I. 


COR OL, I. 


HEN x is equal to, or leſs than —3, then the Value 


( — =) of the Angle A CP, becoming either infi- 
nite or ieapoſſible, it follows, that if the Law of Centripetal 


Force be, as the Cube, or more than * Cube of the Diſtance 
inverſely, 


| bly either fall into the Centre of Force, or fly from it ad in- 


— —— — — » — 2 * 
— ᷑ d 9ü — 
— 
> 
- £44 
- - 


Ke. c, d, &c. , m, &c. being determinate Quantities; and 


(40 


inverſely, the Trajectory cannot have more than one the: 5 
And, therefore, the Projectile in all ſueh Cafes muſt finevita- 


fnitum, unleſs it moves in a Circle; which is agreeable to 
the Scſolium aforegoing. But, if x be equal to 1, o, — 1 
or — 2; then will the Angular Diſtance of the two Apfides 
be, 90%; oo, 103%: 55, 127%: 17, or 180 co, re- 
ſpectively; the firſt and laſt of which we are aſſur'd of from 
other Principles. 


F the Diſtance (D) of the Apldis be given, and 
the Law of Centripetal Force from thence be re- 


quired: Then, by making — equal to D, we ſhalt 
. 4 p3 - 


have 1 — 3, Su, for the Value ſought : Hence, if D 


be 360 v, or the Body takes up one intire Revolution in 
going from one Apſe to the other; then, muſt the Law of 
Centripetal Force be reciprocally as that Power of the Diſ- 
tance, whoſe Exponent is 2 1; but, if either Ape, from the 
Time of the Body leaving it, to its Return again, has moy'd 
1 only a very ſmall Diſtance, E, or D be = 180 + 


, the Force will then be inverſely as the 2 += Power 
of the Diſtance, very nearly. 


SCHOLIU M. 


Y Þ x be any Diſtance of the Projectile from the Centre 
of Force, and the Law, by which it tends towards the 
fare Centre, be every where, as cx" ++ dx ex +f x1, 


if 


Y 3 „ nns * gate 8 % 
, 0 N 93 — SS n * 

IS 3 1 4 — * 
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«a 
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if 4 4 the Diſtance of one of the Apfdes from that 
Cane, the angular Diſtance of thoſe Apfides will be 


— 


2 n mM z 
3 772 + ea +fal?, 44 - 180*. 
3ÞnXcan+3ÞmXxXdan +IFÞ * 


From the MEAN ANOMALY of a Planet given; to 
find its PLACE in its ORBIT. 


ET AO be the 
given Orbit, S the 
own in one of the Foci, 
AC the Semi-Tranſverſe 
Axis, CO the Semi-Con- 
jugate, AEHBA a Cir. 
cle circumſcribing the El- 
lipfis, and let 2 be the 
Place of. the Planet at a- 
ny given Time after or 
before its paſſing, A, the * 
Aphelion ; thro' which — TD 
draw EP perpendicular 
to AB, and having joined the Points E 8, E C, Sz, and made 
SD perpendicular to ECD, take the Arch EH equal to SD, 
and the Arch Ag equal to SC. Then, the Sector ECH 
being equal to the Triangle ECS, ACH A will be equal 
to AS E A; inaſmuch as the former of thoſe Areas is com- 
pounded - of the Sector AC E and ECH, and the latter 
of the ſame Sector and the Triangle ECS: Where 
fore, ſince the Area: ASE A, is to AE BCA, balf the 
Circle, as the Elliptical Area Ans A, to the Semi-Ellipſig 


AB CA, by a known Relation of the two Curves; if, 
M inſtead 


642 


inſtead of AS E A, its Equal be ſubſtituted, we ſhafl have, 


as ACHA: AEBA :; AnSA: ABA; butGACHA 


is to AEBA, as the Arch AH to AE B, the Semi-Cir- 
an e ; and therefore it will be, as An BA: ASA 
: AEB: AH: Wherefore ſince the Areas An BA, AnSA, 


eſeribed by Radii drawn to 8, the Center of Force, are as 
the Times of their Deſcription, it will be, as the Time of 
deſcribing An BA, or that of Half one Revolution, is to the 
given Time of deſcribing Ans A, ſo is AEB to AH; 


which, therefore, is the given Mean Anomaly in this Poſition, | 


or the Arch proportional to the Time of the Planet s moving 
thro' A x, 


Let now AC =I, CS=e, AH=D, AE equal E, 
its Sine EP equal æ, and its Co- ſine CP=y. Then, 
from the Similarity of the Triangles CEP, CSD, we ſhall 
have, EC: EP:: Ag 3 : EH (SD) and, con- 


ſequently, AE + 2 — x AA, or E+xXAa, 
=D ; which Rane it is manifeſt, will hold equally» 


whether the Arches AE, Ag, and AH, be taken in De- 


grees or in Parts of the Radius: But now, in order to ſolve the 
ſame, let the required Arch, or Value of E, be eſtimated pretty 
near the Truth, and let this aſſumed Value be denoted by 


As= E, its * (e) from the Truth, by E; and 
DA. X A= D— E — x x Aa, the Error of the 
the Equation, by R; ; make vr parallel to AB, and let 5b be a 


Tangent to the Circle at the Point 3: Then, as 36, by reaſon 
of its Smallneſs, may, in this Caſe, be conſidered as equal to e 5, 
and e of the nn of the T — Cks, s&rb, 


we 


dy _ 2 3 
A * id - 
— 4 0 4 , of - c- 4 r 3 
. : * $ - n FS 6 . e * _ © ©. rel 
RE TIE ITT ICIS 2 484 . x WET R 
; * v © _ N * * — dy bY q g ” * * 

2 32 , "ye , 0 \ 3 a 
* ** s 5 ap o 8 9 


4 
* 
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5 
* 
Uh 
(+ 
- 


. 
we Fe "IM x (Cs) : (CH) :: E:yxE=—rb, or er, 


very nearly; whence E = E +E, and PE=x NE, 
which Values therefore being ſubſtituted in the general Equa- 


tion E+ xx AA =D, there comes out E+E+xxAd 


D—E—xXAa 2 
195 XAa =} 
— — or, =" = nearly : Hence it ba eh that, if 
the Error of the Equation be divided by 1-+ey, and the 
Quotient added to, or ſubtracted from the firſt or aſſumed 
Value of E, there will ariſe a new Value of that Quantity 
much nearer the Truth than the former : And if with this 
new Value, and thoſe of x and y correſponding thereto, we 
proceed to a new Error, or compute the Value of R, and 
that of the Diviſor 1 ＋ e, Sc. it is likewiſe evident, 
for the very ſame Reaſons, that a third Value of E 
may be found, by the ſame Theorem, ſtill nearer the 
Truth than the preceding, and from thence another, 
and ſo another, &c. till we arrive to any Accuracy 
defired, each Operation, at leaſt, doubling the Number of 
Places; ſo that in the moſt excentric of the planetary Orbits 
two Operations will be found ſufficient to bring out the An- 
gle ACE to leſs than a Second : And when that is known, 
as EP and SP are then given, the Angle 28 may be ca- 
ſily had; for, by the Property of Curve, it is AC : CO 


1218 Pa= =, and SP : EXE (Pm): $3.hk-C 


E Aa =D very nearly; wherefore E= 


(Radius) : ZEND = the Tangent of A8. 2. E. I. 


Otherwiſe, 


(44) 
| Otherwiſe, N 
Le Radius EC=r and, the (aca des AE 2 


= xAa=AH, or E = D — — A a be again reſumed ;. 


then, the Orbit not being very Excentric, E will, it is 
evident, be nearly equal to D; and, conſequently, (x ) 
the Sine of E, nearly equal to the Sine of D : Therefore, if 
the Sine of D be, ſubſtituted for x, and the faid Sine be de- 


nqted by, & (ſignifying the firſt, Value of +) it is obvious, 


that D 12 XA.a will be nearer to the true, Value of E, 


than D, ang, conſequently, that the Sine of D.— x A 


( which I call x) nearer to x than (x) the Sine of 


D; wherefore N x Aa, muſt be, ſtill, nearer the 


Truth, or the required Value of E, than Dos x Ag, 


and, conſequently, its Sine (which I call: x) ſtill, nearer x, 
than () the Sine. of D XA; In like manger, the 


Sine of D—- KA. (or. x). will appear to. be. nearer. * 


a1 ou 


than x, and D.— N As, nearer to the readies Value 


than D — © ” x Aa, Ge. &c. Whence the following Me- 


thod of Solution is manifeſt, - 
Let 1.758123, the Log. of (57.2958) the Number of De- 


grees in.an Arch equal in Length to Radius, be added to the 
; Logarithm 


19 , 
Be Wight if, r 


1 
= 
-3 * * 


(45) 
Logari m of the; Excentricity, and from the Sum deduct 
the rithm of Half the greater Axis ; the Remainder will 
be a 4* Logarithm (L); which, being once computed, will 
ſerve in all Caſes of that Orbit : To this Logarithm add the 
Logarithmical Sine of the given Mean Anomaly reckoned to 
or from the Aphelion ; the Sum, rejecting Radius, will be 
| 12 the Logarithm of an Arch in Degrees; which, being 
taken from the Mean Anomaly, and the Sine of the 
Remainder added to the ſaid Logarithm, the Sum, rejecting 
Radius, will be the Logarithm of a 24 Arch; which, in like 
manner, being taken from the Mean Anomaly, and the 
Sine of the Remainder added to the ſame Logarithm, the 
Sum, rejecting Radius, will be the Logarithm of a 3* Arch; 
from whence, by repeating the Operation in the very fame 
manner, a 4* Arch will be found, and ſo a , Cc. till 
we arrive to any aſſigned Exactneſs; the Error in the 
Anomaly Excentri, or Angle ACE, which Angle is 
to be expreſſed by the Difference of the Mean Anomaly 
and the laſt of the ſaid Arches, being always much leſs than 
the Difference of the ſaid Arch and that which immediately 
precedes it, from which Angle the true Anomaly is had as 


in the above Caſe. Q, E. I. 


Otherwiſe, 


The foregoing Conſtruction being retained, let Radius (AC) 
=1, the Sine of the given Anomaly ACH Sa, its Co-ſine = 6, 
and let Em be the Sine of EH: Then will a. CM Em 
Dx, the Sine of the Difference of thoſe Angles, by the Elements 
of Trigonometry ; but EH being =ex, Em ( by the ſame) 


e5 x 22 2 


3 43 
will be. * = +=, Sc. and CM —+ 


7276 > Ge.  whetice, , by Subſtitution, &c, we get 1+ be xx 


1 
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4 „ Be? xÞ / : —.— 


— — e — ; Ve. S4. where, by benz 

425 981 | 448 3 | if 

the Se e cones ond = . + rx 45 
. — N, 2 * 321 


D Ge. S4 1 5 


&c. from whence, if the W be not very large, the 
Angle ASn may be had as above to any Degree of Exact- 


neſs, Q. E. I. 
Note, That, in theſe Solutions, when E is greater than a 


Right Angle, MR e . conſidered as a negative 


SCHOLIUM. 


As the foregoing Methods of Solution may ſeem te- 
dious or perplexed for common Practice, a ſhort Approx- 
imation, tho' limited in Point of Exactneſs, may be 
of Service, In order to this, we bave fave given BP 


bb 
(S) =aX Il—be+ = ee x 3 — xbes, Sc. 


as above, from whence PC (SN I-) i =b-+ 2 
— + — e hte, Ce. But, 


2 


by the Nature of the Curve 1-+ey 1s 281, and Pn=\/ 1—ee 
| OCXEP\.. 4% I — ee (Acne bo 
* 255%) and therefore Hg (. will 


be the Sine of the Angle AS, or true Ammaly, and — 


9 
(= —9) its Co- ſine: Hence, by the Elements of Tri- 

8 1 x/1—ce athay -I f 
gonometry 4x — 9 bu 1 +ey * —— 19 cage 
will be the Sine of the Difference of the Angles HCA, A8, 


or of the Equation of the Orbit; wherein, by ſubſtituting, 
inſtead 


* * — 


5 N 
* "ther mh; 4.0 — 
* . I * Ws: 7 WV Es 
1 X 1 5 
8 8 


n 
: 2 8 a 
J ͤ p SOS 
" SLE 4 


' (45) 
inſtead of x and y, their reſpective Values, and contracting 
the l ne Sc. there will come out 23e into 1 
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which, A e is — very 1 will appear to be wee to 
2ae |3 
* _ | very nearly; for this, converted to 


cabe* 20 2371 84121 


a Series, is 240 — —— + —— — = +1043 bev 


_— . , Cc. from which, if the former Series be ta- 


ken, there will remain only 2 + — — le. 
&c. Hence is deduced the e g 


PRACTICAL RULE 


For finding the Equation of the Centre from the Mean 
Anomaly given. 


As Radius, to the Co-ſine of the given Anomaly, ſo ts : 
Parts of the Excentricity of the Orbit, to a fourth . ; 
which Number add to half the greater Axis, if the Anoma ly 
be keſs than go, or more than 270 Degrees, otherwiſe ſubtract 
from the Yame : Say, as the Sum or Remainder, is to Double 
the Excentricity, ſo is the (Logarithmic) Sine of the given Anc- 
maly, to the Sine of a firſt Arch; from three Times which Sine 
deduct the double Radius, the Remainder will be the Sine of a ſe- 


cond Arch, whoſe Part, lakes from the former, leaves the 
Equation ſought. 


A nd 


=” 


| (48) 1 
And it muſt be noted, that this Rule, in the Orbit of 


Saturn, Jupiter, and the Moon, anſwers to a Second, and 


in thoſe of the Earth and Venus to leſs than & of a Second, 


And, in theſe two laſt, the Arch firſt found will, without 


farther Correction, be ſufficiently exact to anſwer to the ni- 
ceſt Obſervations, the Error never amounting to above 2 or 
3 Seconds; which is mote correct than either the noted Hy- 
potheſis of Ward or Bullialdus, as will appear from the fol- 
lowing Examination of thoſe Hypotheſes, which, as they 
have been much celebrated, and come near the Truth in ma- 
ny Caſes, may here alſo deſerve 3 particular Conſideration. 
And, to begin with the latter, which ſuppoſes the Angle 
AF made at F the upper Focus by the Aphelion and 
(n) the Planet to be the Mean Anomaly, and therefore 
8 F the Equation. Becauſe @ the Sine and 6 the Co- ſine 
of the ſaid Angle are given, by the Nature of the Ellipſis, 


Sn= A= — is alſo given; whence, 5 Plain . 


metry, it will be, as 1 4 4 (SF) : 2% x 


| RE T0 equal to the Sine of 8 F, which, put in a Series, 


is 2 4e XK I—eb-+ 203 — 1 X 66+ 3 — — 4b xbes, &c. 


and this taken from 2 4e * — a < N ee, Fe. 
4 4 


leaves a 4e * — 7 + 2 ee Se. for the Error of 


this Hypotheſis. But now for the other, where, EnP being 


perpendicular to AB, AFE is ſuppoſed the Mean Ano- 
maly. Let SC and CM be perpendicular to FE; then it 
will be as 1 (EC) : @ (the Sine of AFE, or CFE) 

e (CF): ae=Cm, the Sine of CEF; whence E m, 
its 


7 
—_— 
© 


p b — 
—ͤ 


_ 1 

- — 
14, ? 
=_— 


their own Semi-Axis) nearly; 


8 (49) 


is Co-fine, T=: Again, as 1 (the Sine of CF 


:e (CF) :: — (the Sine of FCM): —eb F n, equ 
alſo to Cm, becauſe C8 is =F C; for which Reaſon 81 is 


double to C; wherefore it will be, as /T —@*e* + eb 


(EJ): a2 (87) :; 1 (Radius) to — 


—a*e*+eb 


= the 


Tangent of 8 EF; which, in a Series, will be 2 4e x 


1—eb+ — —+ e* bh, &c. whence the correſponding Sine 


—_— 


is cafily found = 2 ae X I * 6? e. and this 


8e 75 


taken from 2 4e * 1 — — + —— — Exer, gives 2oe in- 


2 


o - ee, Oe. for the Error in this Caſe 


Hence it will appear, that 
the greateſt Error of each of 2 
theſe Hypotheſes, in the Or- - 

bit of Mars, where e is up- E 
wards of ,09, will be about SH 
5 or 6 Minutes, and in the 
other planetary Orbits, ac- 
cording to the Squares of their 


Excentricities (in Parts of 


it alſo appears, that towards 
the Aphelion the Circular 
Hypotheſis will be the more 


correct, and near the Perihelion the other; and, laſtly, that 
both Hypotheſes make the Equation too large in the 


O 


higher, and too ſmall in the lower, Part of the Orbit. 


Having 


(50) i 


- Haring: ſhewyn how much theſe two noted Hypotheſes, _ 


(by many ſo much eſteemed) differ from Truth, it may be 
proper to proceed now to give ſome Examples of the pre- 


ceding Methods, whereby the Problem is more correctly 


ſolved. 
EXAMPLE I. 


let the Anomaly Excentri, by the firſt Method, be required.” 


It will be, as 1, the Semi-Tranſverſe, to. og, the Excentri- 
city, ſo is 57.2958, the Number of Deg. in an Arch, equal in 
Length.to Radius to 2:86479:= the Arch A a; .wherefore, . 


the general Equation, in reſpect to this Orbit, will be E + 


2.86479.x x D, and by writing therein the given Anoma- - 


ly, inſtead of D, it will, in this particular Caſe, become E 
2.86479. Xx x = 7.21. Now, becauſe 2.86479 x x muſt 
be leſs than 2.86479, E, it is evident, can neither be much 
leſſer, nor much greater, than 70 Degrees; therefore, I 
eſtimate the ſame at 70 Degrees „ and then fay, as 
Radius, to the Sine of that Angle, ſo is 2.86479, to 
2.692. ;. whence E— D 2.86479, x x equal 0.482, 
which is the Error, or firſt Value of R: Again, for the 


Diviſor 1 ＋ ey, as Radius, to (9 the Co-fine of 70% ſo 


08 (e) .0174-=e y;. therefore I+eJ = LOT, and 


0.482 


== ; = EI 0.464 ; ; which, r taken from 70 gives 


69.536 for the next Value of E; whetefore, it will be, as 
Radius, to the Sine of 69.536, or 69 32! 7% ſo. is the 
aid Co- efficient 2.86479, to 2.68401 ; from "whence the 
1 1 a . next 


ET the Excentricity of the -propoſed- Orbit be e of / 
the Mean Diſtance or Semi-Tranſverſe Axis, and the 
given Mean Abomaly 72 12” 36” = 72.21 Degrees; and 
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(5) 

next Value of R is found equal 0.01001; and this, divided 
the next Value of Ieh, or even by 1,0171, the laſt 

Value, and the Quotient taken from 69.536, leaves the true 

Value of E (= 69? 31 34) to leſs than a Second. 


EXAMPLE II. 


E the ſame Things be propoſed, as in the preceding 
Example, and the Anſwer according to the ſecond Me- 
thod be required. 

The Value of L, or the Log. of the Arc A a, as found 
by the . laſt. Example, being 457093, I add thereto the 
Logarithmic Sine of 72% 12 36", or 72. 21, the Sum, re- 
jecting Radius, is the Logarithm of 2.73, the firſt Arch, 
which: ſubtracted from 72.21, the Remainder will be 69.48; 
to, whoſe. Sine adding the ſaid Value of L, the Sum, deduct- 
Ing Radius, will be the Logarithm of 2.683, the ſecond 
Arch; with which, repeating the Operation, the third Arch 
will come out 2.6838, &c. and this taken from 72.21, leaves 
69.5261, &c. or 69 31' 34“ for the Anomaly Excentri; 
from whence the True Anomaly will come out 66*® 52' 50", 


EXAMPLE. III. 


HE ſame Things being given; by the practical Rule, 

it will be, as Radius to the Co-ſine of 72» 12 36", 
ſa is .0625 (Sof . og) to . 0191; again, as 1.0191, to 
o. I, the double Excentricity, ſo is the Sine of the ſame Angle, 
to the Sine of 3 21 41”; three times whoſe Log. Sine, minus 
double the Radius, is the Sine of 2 48” ; the + Part whereof 
being. taken from 5 21 41”, leaves 5 20 45” for the 
Equation of the Center, and :. this taken from 72 12 36- 
will give 66* 52. 51”, equal to the True Anomaly very 
nearly. | >” 


„ f 


Of the Motion of Projectiles in reſiſting Mediums. 


PROPOSITION I. 


Suppofing that a Body, let go from a given Point, with a 
given Velocity, directly to or from a Centre, towards which 
it umformly gravitates, is reſiſted by a fimilar Medium, 
in the Ratio of certain Powers of the Velocity, whoſe In- 
dices are repreſented by the given Numbers, r, s, t, &c. 

And ſuppeſing the Part of the whole Refiſtance, at the ſaid 
given Point, correſponding to each of theſe Powers, as well 
as the Force of Gravity, to be given; tis required to find 
the Relation of tbe Bees. the Velocities, and the Spaces 
gone over, © 


E T P be the given Point, DPC the Right Line 
in which the Body moyes, and D, e, any two 
|| Points therein indefinitely near to each other : Sup- 
| * poſe the Velocity at P to be ſufficient to carry the 
„ Body, uniformly, over a given Diſtance g, in a given 
|” Time þ; and let n be the Space, which would be de- 
ſcribed in the fame Time with the Velocity, that 
would be generated in that Time in vacuo by a Force 
equal to the Body's ſpecifick Gravity in the given Me- 
dium; let the Part of the Reſiſtance, which is as 
the 7 Power of the Celerity, at the aforeſaid Point, 

| be ſuch, that the Body in moving over a given Diſ- 
tance 6, with its Velocity uniformly continued, would 

from that Part alone, meet with a Reſiſtance ſufficient to 
take away its whole Motion ; or which s the ſame, let & be 
the 


; ( 53) 
the Diſtance that might be deſcribed with the Velocity at P in 
the Time that the Body would, by the ſaid Part alone, have 
all its Motion deſtroyed, was the Reſiſtance to continue the 
ſame as at the firſt Inſtant ; and let the like Diſtances, with 
reſpe& to the other Parts of the Reſiſtance, that are as the 
Powers of the Celerity, whoſe Indices are, s, r, Cc. be c, d. 
Ge. reſpectively; laſtly, let PD=x, De=Pg=x, the Time 
of deſcribing PD=, and the Space the Body would move 
over in the given Time 5, with the Velocity at D, =v. 


Then it will be, as g: h: :x (Pg): = — the Time of de- 


ſcribing P 2, and as 5; g:: * (PH): —, the Velocity de- 


ſtroyed by that Part of the Reſiſtance, which is as the r 
Power of the Celerity, in that Time; therefore, the Velocity 
at D being to the Velocity at P, as v tog, that deſtroyed, by 
the ſame Part, in the fame Time, from tho Body's leaving D, 


becauſe this Part 


of Reſiſtance is as the r Power of the Velocity: But the 
Time of deſcribing De, is to the Time of deſcribing P, 
as g to v; therefore the Reſiſtance ariſing from the afore- 


ſaid Part in deſcribing De, muſt be 2 „ 2 WIDEST 
bet 7 gr 7 


from whence, it is manifeſt, by Inſpection, that the other 
Parts of the Keliſtance, - or Quantities of Motion deſtroyed 


thereby, will be ., =, ==, Sc. And therefore the 
whole Velocity * by the Medium, in deſcribing De, 


1—1 2 
777. F + _— F Ec. But, the Time of deſcribing 


De, being to *= that of deſcribing Pg as g to v, will 
0 5 P be 


will conſequently be x 15 = 


== 5 


V * 


18 


r Whence x = (200, 


(54) 
be repreſented by 2 5 and therefore it will be, as A: :: 
* ke , the Part of Velocity generated or deſtroyed in 


* * 


that Time, by the Force of Gravity, which added to, or 


taken from, the former Part, ariſing from the Reſiſtance, 
according as the Yoop is in its Aſcent or Deſcent, the Sum 


S—1, 


or Difference = — + * —— , &c. muſt, it is 
manifeſt, be equal to (v) the whole Decrement of Velocity: 


Hence we have x 7 — 
g 2 + 


227 —2 212 
Moreover, becauſe T the Time of deſcribing De, is found 
2 = x; which being ſubſtituted in · 
ſtead thereof in the other 3 Sc. there will come out T 


FL. . 2. E. 7. 


COR OL. I. 


ENCE, when the Reſiſtance is barely in the ſim- 
ple Ratio of the Velocity, then & d, Cc. being infi- 


* our W become x = 


2 and T equal 


= into the Hyp. Log. 


IE and a2 into Hyp. Log. af (£220, 


guztmb 


COR OL, 


„ s. ) 
1 GALS L, I. 


UT, wh the Reſiſtance is, as the 2 of the 
Velocity, being equal to 2, and c, d, &c. infi- 


v 


f nite (as before) the Equations will be x equal to TIE 


ö * TT equal to — : Hence x is found equal to 
: 

4 LA x Log. ==, wherein, if v be taken =o, we ſhall 
4 


f have - — x Hypb. Log. 1 + = „for the Height of the whole 


4 Afcent; but, if iS ba taken =o, we ſhall have 


' 152 equal to the greateſt Velocity the Body can poſſibly 
acquire by deſcending ; laſtly, if g be taken S o, there will 


be Log. _ = for the Diſtance gone over when 


the Body falls ow Reſt ; therefore, in that Caſe the Log. 
A if n be put for the _—_— Number 


i m * — v being = | 
— 


whoſe Hyperbolic Log. is — we ſhall get —__ == 
and conſequently v n x 7*, 85 
Moreover, with reſpect to the Time, becauſe T in the 


Deſcent of the Body is = he. the Time it ſelf will, in 
mb 1 + vo 


| this Caſe, be 2 , 2 into the Hyp. Log. = x 
| 2 
5 =, and therefore, when the Body deſcends from Reſt, 


* molt og 

5 ba Ii 1771 1 mbl* + . £3 * . . ; 
is rely == . F x Log pt 22 wherein, if the above 
2 mb — 


41 
* 


bound Value of v be ſubſtituted, it will be 2 . x 


- * > 
— — — 
3 — 
m_— — —— — — © 
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— — — — — 
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Log. PIT But, in the other Caſe, T being = —bto 


1—1 be 6 
T will be equal to _ drawn into the Difference of the two 
Circular Arcs, whoſe Tangents are g and v, and whoſe com- 
mon Radius is / mb. And, in like manner, the Values of 
x and T may be exhibited by the Quadratures, &c. of the 
Conic Sections, in any other Caſe, where the Reſiſtance is 
barely as a fimple Power of the Velocity, whoſe Exponent 
is a rational Number, and alſo, in many Caſes, where the 
Reſiſtance is in the Ratio of two difterent Powers, by Help 
of the laſt Problem of this Treatiſe. 


CORO L. m. 


WF » be taken = o, or the Body be ſuppoſed to be affect- 
ed by a Medium only, and the Reſiſtance be barely as a 


fimple Power (7) of the Velocity; then x becoming equal 
—bg"*'v b, and T= — 3g v , &, in this 


Caſe, will therefore be = 


l * = OY 1 CITE 2 | \ 


bhp „7 


7 -, and T equal 
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h „ ES 3 
bbg 141 — 2 Where, if r be taken = O, 1, 2, 3. 


I ww 7 


&c. ſucceſſively, x will be - — =, $4 _ , bLog. £, 


— þb + e. and T equal to 7 x , — og. =, — 
„, = * , &c. reſpectively; from whence, by 
bb 


exterminating V, WC have x = £ x EY T=— Log. 
if, x=bLog 1+ IX. T=bx =, Ge. 
expreſſing the Relation of the Times and Spaces in the ſaid 
Caſes, reſpedtively. 


. S's 75 * 
— ES 
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N Fluids void of Tenacity the Reſiſtance is in the Du- 
plicate Ratio of the Velocity; and it is found, that a 
Body in ſuch Fluids, by moving over a Space, which is to 

z of its Diameter, as the Denſity of the Body, to that of 
this Medium, with its Velocity uniformly continued, would 
meet with a Reſiſtance ſufficient to take away its whole Mo- 
tion: Therefore, if this Space be taken to repreſent the Va- 
lue of 6, in Cor. II. by Help of the Theorems there given, 
the Velocity, Time, or Space gone over, will be readily ob- 
” tained. For an Inſtance hereof, let a Ball, whoſe Diameter 
is 4 of a Foot, and whoſe Denſity is the ſame with that of 
common Rain-Water, be ſuppoſed to be projected upwards 
in a Direction perpendicular to the Horizon, with a Velocity 
ſufficient to carry it uniformly over a Space of 300 Feet in 
one Second of Time; and let the Heighth of the Aſcent, the 
Times of Aſcent and Deſcent, with the Velocity generated 
| in Falling, be required, Becauſe, the Denſity of Rain-Water, 
is to that of Air, as 860 to 1, 5 will, here, be GX; x 860) 
764-4 Feet; and ſince, the Velocity, which a Body would 
acquire in one Second of Time by freely deſcending in vacuo, 

is ſufficient to carry it uniformly over a Diſtance of 32.2 
Feet in that Time, it will be, as the abſolute Gravity, to the 
ſpecifick Gravity; or, as 860, to 859, ſo is 32.2, the ſaid 
Feet, to (32.16=) m, & being equal to the Time above- 
mentioned: Wherefore, if for g, b, b and m, their reſpective 
> Values 300, 1, 764-4, and 32.16, * ſubſtituted in the . 


| 4 ſaid 7. beorems, we ſhall have, firſt, — x Hyp. Log. 1 + „ 
CE ( ** = 630 Feet for the whole Heighth of the Ascent, 
1 2 & Arch, whoſe Tang. 18 3. and Rad n = 5.48 Se- 
i conds, 


(58) 1 


conds, the whole Time of Aſcent; 3d, n=.21455; 4%, v = 
139, the Diſtance that would be uniformly deſcribed ” one 


py 
Seon with the Velocity acquired by falling; laſtly, - ; . 
X Log, 1X 2 = 6. 8 5, the Time of Deſcent, But if thelame 
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Ball be ſuppoſed to move in Water with the ſame given Velocity; ; 
then, the ſpecifick Gravity in that Fluid being nothing, the 
Body may be conſidered as moving by, its innate Force only; 
and, therefore, the Number of Feet gone over, in any Num- 
ber of Seconds, denoted by T, will (by Gr. III. ) in >. 
into the Hyp: Log. of 1 + 337. wall 


. . 7 
. 1 2 * * Yb 
th — 4 


r MS. : 1 1 F355, 
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PROPOSITION II.. 
To find the Refiſtance and Denſity of a Medium, whereby a 


Body, gravitating uniformly in the Direction of Paraller 


Lines, is made to deſcribe a given Curve; the Law of Re- 
lance being given, partly as the n Power, partly as the 
2 n Power, partly as the 3 n Power, &c. of the Celerity 
or as aC»z+bC 2 + C3", &c. where C denotes the 
Celerity, and n, a, b, c, &c. any determinate Quantities. © 


ET ArC be the propoſed 
Curve, and AH the Axis 
thereof, or a Right-line in which 
the Body gravitates, to which let 
n and em be parallel, and Hy 
HK. and bm perpendicular, r and 2 
of af, e being any two Points in the Curve 
| taken indefinitely near to one a- 

nother : : Suppoſe the Body arrived to 7, with a Velocity in 
the 
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the Direction 7 e, repreſented by v; let AH=x, Hb (rn) 
=x, Hr=y, nm (re)=y, ung E, and let D be as the 
required Denſity. Then, ſince the Velocity in the Direction re 


is v, that in the Direction n will be ; and therefore 
9 


vill be the Fluxion of the ſame, or the Increaſe 


of Velocity in that Direction during the Time of deſcribing 
n; wherefore, if from this we take the Part ariſing from 


the Reſiſtance of the Medium, which is * (becauſe it is 
- 0 | 


to v, the Alteration of TO in the Direction re, as x to 
y) there will remain for the other Part ariſing from the 


Force of Gravity, i in the ſame Time and Direction; therefore, 
the Reſiſtance in the ſaid Direction, is to the Force of Gra- 


vity, as te , or, as — 00 1; and, conſe- 


E 

quently, the abſolute Reſiſtance, in the Direction mn, to the 

to 1: But (= the Part of 
, 


V 


Force of Gravity, as 


Velocity, ariſing from Gravity, being as the Time 2. of 
deſcribing n, may be expreſſed thereby; whence we have 
** =, or V* x = yy; and therefore in Flixions 20 x 


+ v = ©, OF — — , Which ſubſtituted in the fore- 


2 * 


to 1 for the Ra- 


going Proportion — 2.x gives 


N | 2X * 
tio of the Reſiſtance to the Gravity, Moreover, becauſe 
| the 


0 *) 


the abſolute Velocity is , , the Reſiſtance, by Suppoſition, 


— r — 
ir 24 2 '4 % hs * Wa o 
, W - + > * 4 x 
4 ok . 2 A ** 
FE SF * _ - — , 2 
** - 2 Tai . 
— — o EEO 
— 2 4 a. 8 


q will be as D into 4 22 + 6X = Ge. or, becauſe 
5 | | 
. VE » = . | 2 & RY | 5 
1 = e ; as D into @ X — + bX—, Se. which 
+ J 1 * * Ph 


Quan tity muſt therefore be as . and conſequently D as 


ee 5 7 1 — QE. I. 
en ier ob bat e eee ee. 
. ; 


ENCE, if the Law of Reſiſtance be only as a ſin- 
gle Power (u) of the Velocity; then, by taking 5, 


c, d, &c. each = o, and a = I, we have ——<= — for the | 

2-152 5 
Denſity in that Caſe; which, therefore, when x is = 2, . 
or the * a as the Square of the Velocity, 


will be barely as — 


Z * 


EXAMPLE I 


ET it be required to find the Denſity of a Me- 
dium, wherein a Body moving, ſhall deſcribe the 


common Parabola. Here x being = = „ we have x equal 


227 


2 ( 61 ) : Vp, 


= and ag and therefore D =o; which 


2 2 
fo, Pony a Body, to deſcribe this Curve, . move in 
Spaces entirely void of Reſiſtance. 


EXAMPLE IL 


O find the Denſity, &c. when the Curve is a Circle, 
and the Reſiſtance as the Square of the Celerity. 


Becauſe x, in this Caſe, is=a—y/ aa — IIs there will 


þ 1 2 = ay x = ned 4 and * = 
; bs. Naa Va- 5 F 


N 
4 
Fad 
* 


e therefore the Denſity ( 


will here be, as 


| bans # / 


2 , or, as the Tangent of the Diſtance from the 


. higheſt Point directly; and the Reſiſtance will be to Gra- 


vity, as 3y to 26, or, as 3 Times the Sine of the ſame 
Diſtance to twice the Radius. 


SCHOLIUM. 


F the Denſity of the Medium be given, the Curve it 
ſelf may be determined by the Conſtruction of the 
foregoing fluxional Equation : So, in caſe of an uniform 
Denſity, and a Reſiſtance, as the Square of the Velocity, 


where we have D = FORD or Dx yy + xXx=x; 


ZZ Xx 


. + Dy3 92 2 | 
x will be found = hl I he „Oc. And when 


D is conſtant, and the Reſiſtance barely as the Velocity, it 
R wall 


will ke x = = £; x Log. 1 —= 1. — 5. in ei- 
ther Caſe, being twice the Radius of Carvature, or the Para- 
meter at the Vertex; both which, and the true Value of D, 
may be eaſily computed from the Velocity at A, and the 
given Denſity of the Medium. 


PROPOSITION .. 


The Centripetal Force being given, and the Law of Reſiſtance, 

as any Power (n) of the Velocity; to find the Denſity of @ 

Medium in each Part thereof, whereby a Body may deſcribe 
4 given Spiral about the Centre of Force. 


ET RM H be the given 
Spiral, Rand m two Points 
therein as near as may be to each 
other, and C the Centre of Force; 
and let RO be the Radius of Cur- 
vature at R; making OD and 
m p perpendicular to RC, and 
calling RD, s; RC, æ; Rp, x; 
Rm, Z; the Centripetal Force, C; 
and the Velocity, v. Foraſmuch, as RO is to RD, as the 
abſolute Centripetal Force at R, to that, which tending to 
the Centre O, would be ſufficient to retain the Body in the 
Circle, whoſe Radius is R O, and, beeauſe the Centripetal 
Forces in Cireles, the Velocities being the ſame, are inverſely 
as the Radi; RP, it is manifeft, is the Radius of the Cir- 
cle which might be deſcribed with the Velocity and Centri- 
petal Force at R: Therefore, ſince the Centripetal Force, 
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(GF 
in Circles, is known to be ſach, as is ſufficient to generate or 


deſtroy all the Velocity of the moving Body, in the Time it 
is uniformly deſcribing a Diſtance equal to the Semi-diameter 


of its Orbit, we have, s (RD): 2 (Rm): THEE 9 the 


Velocity which the Centripetal Force would generate in ano- 
ther Body freely deſcending from Reſt at R, in the Time 
the former is deſcribing RM; wherefore, by the Reſolution 


of Forces, it will be 2 (Rm): x (Ry) :: bl 2 2, the 
Velocity generated in the ſame Time, by the Body deſeri- 
bing Rm; which, therefore, added to v the Exceſs of the 
Velocity at R above that at m, the Sum 2 == + v will, it: 


is manifeſt, expreſs the Velocity taken away Fi the Medium - 
in that ſame Time: But the Velocities generated or de- 
ſtroyed in equal Bodies, in equal Times, are as the Forces 
by which oy are generated or deſtroyed ; and, — . 
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it will be as <= ＋ v: 2+ ,oras . x= to 1, ſo 
is the Reſiſtance to the Centripetal Perce. But, the Velo- 
cities in Circles being in the ſubduplicate Ratio of the Ra- 
du and Centripetal Forces Os v will be as / 5C,. 


and conſequently—* = 8 — + — whence, . by Sabſtitution, 


3 


it will be a a2 es, or, as 2:x-—+ $- MS. 


2 * 2CZzZ 2% 


= - 8 : C, ſo is the. Refiſtance to the 9 Force; but: 


No 
3 2 2 


Dis the Centripetal Force, and therefore 2 x + x + 
p - 5. 1 is the required Reſiſtance ;. which being divided by: (5C! -). 
the 


"FF * 
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the » Power of the Velocity, becauſe the Reſiſtance is in 
the Ratio thereof, and the Denſity of the Medium conjunct- 


2x + nen e N 6. 
ly, the _Quotient — — + 22 = will, it is ma- 
21 PF 204 3 — 


"nifeſt, be as the Denſity of the Medium. 2, E. 7. 


EXAMPLE. 


E T the Reſiſtance be in the duplicate Ratio of the Ve- 
locity, the Centripetal Force as ſome Power, m, of the 
Diſtance, and the Curve propoſed the Logarithmic Spiral; 
and, Radius being , let c be the Co-fine of the common 
Angle, which all the Ordinates make with the Spiral: Then 


s, by the Nature of the Curve, being = x (= CR) 4. 


will be= . = 3<, and therefore f Leu $6 T 
2% * 2 A 2 CR 2 7 
C 


+ £5 = Sx; hence we have, as A: © —, © 1 


the Reſiſtance to the Centripetal Force. And the Denſity of 
the Medium will be as Es; that is, when c and n are 
given, reciprocally as the Diſtances from the Centre of Force : 
But when is —3, then 3 becoming So, it ap- 


pears, that the Body in this Caſe muſt move in Spaces entire- 
ly void of Reſiſtance to deſcribe the propoſed Spiral: And, 
therefore, the Law of Centripetal Force being more than the 
Cube of the Diſtance inverſely, the Deſcription of this Curve 
will, it is manifeſt, be impoſſible from any reſiſting Fo orce 
whatſoever. 


Of 
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Of the Motion and Reſiſtance of Pendulous Bo- 


dies in a Medium. 


PROPOSITION I. 


Suppofing two equal Pendulums, whoſe Bobs are in Form of 
the Segments of Spheres, to be moving with equal Velbcities 
in a refiſting Medium, and the Thickneſs of each Bob with 
the Diameter of the Sphere from which it is formed, to 
be given; To find the Ratio of their Refitances. 


ET AKBA be one E 

Side, or Half, of one A. 4 
of the propoſed Bobs, and 
EAK BF CE Half the whole d 
Sphere whereof it is a Seg- [m\V 
ment; and let the ſaid Seg- 
ment be conceived to be divi- * | | 
ded into an indefinite Number 5 [|S C HH 
of indefinitely ſmall Laming, 
by circular Planes perpendi- 
cular to the Axis KC, and 


ui-diſtant from each other; 
and let AeBSA be one of 


thoſe Lamine, included be- B 
tween any two adjacent Planes, F 

and n be the Thickneſs thereof, or the common Diſtance 
of the ſaid Planes; calling AC, a; AD, c; any Ordinate 


RQ, y; mv, y; and KD, x, Then, by the Property of 


the Circle, we have DR = \/cc—yy; which, Radius be- 
ing a, is the Sine of the Angle that the Surface at Q makes 
$ with 
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with n Q, the Direction of its Motion, or the Incidence of the 
Particles it ſtrikes againſt: Therefore, ſince the reſiſting Force 
of the Medium, on any Surface the Velocity being the ſame, is 
as the Number of Particles falling thereon, and the Square of 
the Sine of their common Incidence conjunctly, the whole 
Reſiſtance of that Part of the propoſed Surface, repreſented 


by Qu, will be as . ; becauſe ny is evidently 
as the Number of Particles : Hence, by taking the Fluent, 
we have 2 Ir for the Reſiſtance of A Q; the Dou- 


ble whereof, 4:2 . When y becomes equal c, will con- 


ſequently be = whole Reſiſtance of the faid Lamina: 
Which Reſiſtance," if the Axis KD (x) be, now, ſuppoſed 


to flow, and x be put inſtead of , will, it is manifeſt, be 
the Fluxion of the Reſiſtance of the - propoſed Segment 


AKB D: But x being = @—y/ a@—cc by the Property 


of the Circle x will :- be= —— 


cc? 


and conſequently the 


a Tot: 
4 Fluxion equal to — 8 whoſe Flu. 


DC . 
ent will be — — — Xx I + —— , and 


therefore the Double thereof as the whole Reſiſtance of the 
given Pendulum. 2, E. I. 


COROL J. 


ENCE it appears, that the Reſiſtance of the whole 
generating Sphere will be expreſs d by EK x KC, or 
the Area of the Semi-circle EKFE; and therefore is to 
that of its circumſcribing Cylinder, moving in the Direction 
of its Axis, exactly, as 1 to 2, 


COROL. 


e 
” 


6670 
ane 
Tr the Reſiſtance, as above found, be divided by 3.14159, 


Ge. x KD* x =, the ſolid Content, or Quan- 


tity of Matter in the Pendulum, the Quotient will, it is mani- 
” feſt, be as the Retardation of its Velocity ariſing from that Re- 
ſiſtance; and this, if & be put for the Axis or Thickneſs of 


i the Bob, and d its greateſt Diameter, will be equal to A 
very nearly, 
1 r 


HEREFORE, if & be taken = d, we ſhall have 
2 for the Retardation of the Globe, whoſe Dia- 
meter is a and therefore the Retardation of the Pendulum 


to that of its circumſcribing Sphere will be as — 


to , or as 26d : JAN CA: nearly. 


Note, If the Bobs of Pendulums be in other Forms than 
thoſe of Segments of Spheres, the Reſiſtance will be readily 
had as above; ſince it is evident, that A C (a) being ta- 
ken for the Normal of the generating Curve K A, the Re- 


ſiſtance of the Lamina Ae BSA will be 7 as is there 
found, let that Curve be what it will. 


L E M M A 


3 The Refiſtance of a Body ina Medium, is to the Force of Gra- 
7 vity, as twice the Space thre which the Body muſt freely 
4 fall by that Gravity to acquire the given Velocity, to the 
4 Space 


(6805 
Space over which it. migbt move with that Velocity in the 


Time wherein the ſaid Reſiſtance, uniformly continued, would 
take away the Bodys whole Motion. | 


For the Velocity acquired by freely deſcending from Reſt, 
thro* any Space, is known to be generated in the Time that 
the Body, with the Velocity ſo acquired, would move uni- 
formly over double that Space: But the Forces, by which 
the ſame Motion would be uniformly generated or deſtroyed, 
are [inverſely as the Times in which it might be generated 
or deſtroyed ; and therefore inverſely, as the Diſtances de- 
ſcribed with the ſame Velocity in thoſe Times, 


* 8 


— 


PROPOSITION II. 


Suppofing that a heavy pendulous Body, oſcillating in a Cycloid, 


is refiſted by an uniform Force, and at the ſame time by a 
rare and ſimilar Medium, in the duplicate Ratio of the Ve- 

bicity ; To find the Exceſs of the Arc, deſcribed in the whole 

Deſcent above the Arc, deſeribed in the ſubſequent Aſcent, 
and the Time of one entire Oſcillation. 


ET ABD be the whole Cycloid, BC its Axis, E B 
the Arc deſcribed in the Deſcent, and BF that de- 


C 2 D 
oe Etſy _ 
H ; 
N 7 — 
5 / 
| N 
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ſcribed in the ſubſequent Ascent; draw G H E, Ff, &c. i 
parallel to AD, let 8 be any Place of the Body, and h R, 
the 5 


— 
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the Diſtance thro' ns, it muſt freely deſcend in vacuo, 


by a Force equal to its ſpecifick Gravity in the given Me- 


dium; to acquire the ſame Velocity as it has in that Place- 
Suppoſe that Part of the Reſiſtance, which is uniform, to 


be to the Force of Gravity, as m to 1; and let 4 be the 
Space over which the Body muſt move with its Velocity 
uniformly continued, to meet with a Reſiſtance from the 
other Part, fufficient to take away its whole Motion; or, 
which is to the ſame Effect, let & be to the indefinitely 
= ſm-ll Arc $7, as the whole Motion of the Body at 8, to 
that deftroyed by the Medium in moving thro' Sx; cal- 
ling BD, 3; BE, a; Rh, ; ES, x; Sn, x. Now, the Force 
of Gravity being repreſented by 1, that Part of it * 
the Body i is accelerated, at the Point 8, is = (=> 

And, by the preceding Lemma, we have, as 1 1: 
2= for the latter Part of the Reſiſtance, or that in the dupll- 
cate Ratio of the Velocity; which being added to , the 
former Part, and the whole taken from? — gives 


122 F for the whole Force whereby the Body is accele- 
rated at 55 faid Point: Therefore the Velocity, there, being 


known to be, as V22, 22, that generated in . the Time 


vV 2%z 


of deſcribing, Sz will be defined by = — m— * 


—; which muſt Wt" be equal to. » = , the Fluxion 


or Increaſe of, 2 2, the aforefaid Velocity: Hence, we 
3 which, by writin ge inſtead 
T of 


(70 i 
of a—mb, Oc, becomes — 3 . + — += * equal 0; 


from whence,' by ſolving the A 2 is found = = _ — 


* * — ae? + X=> — r Sc. Or, 1 be 
put for (0.367878) the N the Number, whoſe hyperbolical Loga- 
rithm is — 1, = 1— — * RIES => - But when the 
Body arrives at 5 the Hight of its Aſcent, 2, or its Equal 


ex d+2e. A 
7 1 — Xx 


> r 
A * 4 "# r ” 2} i WW ** DAY 8 % s * of e > WD - "—* D 
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* — 2 „ &c. . equal o; 


= EBF; therefore FG pn e e 


2 15 e3 


= 2 mb + i 577 >» Ic. (by reſuming 2 m5 inſtead of 


its Equal 24 — 2 e;) which, becauſe m and 7 * ſuppo- 


fed very ſmall, will be 2 m6 + — very nearly. Q, E. J. 
Moreover, ſince the Time of deſcribing the leaſt poſli- þ : 
ble Diſtance Sn, is as —=, by ſubſtituting therein the 
Value of z, as above found, we ſhall have | B. 
C 
a r for the Fluxion of the requi- 5 
+> 3 3-4 p 
red Time: But, becauſe —77 — * + £ 38 4 
I 17 4 I + 


of the Diviſor of the latter Part or Factor thereof, when x 
1 | [ becomes 


-_ ( 75 } 
becomes = 2 8 — 2 + =» &c. appears, from above, to 


be equal to Nothing, if r be put to denote the Value of 2e— 

1 e 7 Sc. or the Root of the Equation, it is manifeſt 

that —— ＋.— — + 7 — r will alſo be equal o, and 
1 7 


2 7 2 4 r 3 2 > 
conſequently 7 — EY a —— 7777 98 — which 


1 — 


4 


: being ſubſtituted inſtead thereof, our ſaid Fluxion will be- 


22 4 


4 * - my —— 
＋ = 5 * Ec. . ere. | 


en 2X55 A 2 
= +4 x = Todd „ec. 


— 
— Fi 


. . gd CERES | 2 
into 1—2 * AR, we, 


and laſtly, by converting 1 — 2 x — F. &c. as —* into a ra- 
2 | — 
tional Series, equal EL 8 
» equa 27 D no 1 ＋ > ＋ 22 
7 


141 Vrx—>xx 
n=, is known to be equal to the Periphery of the Circle 
whoſe Diameter is Unity ; wherefore, if that Periphery be 
put * 1 the required Fluent of our given Expreſſion 


c. Now, the Fluent of 1 = —=—— ) when = 


== +72, Sc. will then appear 


to 


( 72) 


8 1 - 7 b ok | 
to bs EEE I + _ > + 7, Se. from 5. 118. of 


27 
DS | 
my Book of e ; which, by reſtoring the "WY 
Value of 7, — bx 14+ | REEL Sk w_ 
w. 37% 


Gr. pb | 1—S+5; 22 — e. XI + 2 —=;+S7 


1 


Se. = þb* x +57 — =, Ge. and this is, it is mani- 
feſt, as the Time of one entire Oſcillation. Q. E. 7. 


COR O L. I. 


HEN d is infinite, then FG becoming barely equal 
N 2mb, it will be as 26: FG: : 1: Hence it 
appears, that the Exceſs of the Are deſcribed in the whole 


Deſcent above that deſcribed in the ſubſequent Aſcent, when 


the Reſiſtance is uniform, is to twice the Length of the Pen- 
dulum, or DBA, as the reſiſting Force, to the Force of 
Gravity. 


COR O L. II. 


UT, when m is = o, or the Reſiſtance barely in the 

duplicate Ratio of the Velocity; the ſaid Exceſs will 
be * duplicate Ratio of the e or Arc deſcribed 
nearly. | 


c ORO. m 


F m be confidered as negative, or the Pendulum, inſtead 
of being reſiſted by an uniform Force, be accelerated 
thereby, ſo as to continue its Vibrations in the fame giyen 
Arc; 


5 Ss nay as 
% £ by * SA 4. 
* Fi * 1 9 „ * 
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1 (283) 
Arc ; then, ſince 2mb + 4 * FO) becomes = o, —m 
will bo = 3%: : And, therefore, it is manifeſt, that the 


Force, which acting uniformly on the given Body, is 
ſufficient to counter-ballance a Reſiſtance in the duplicate 


Ratio of the Velocity, or to keep it vibrating in the ſame 
given Arc, muſt be to the Weight of the Pendulum, as 2 4 4 


30 nearly: And, therefore, the Arcs, which a given Pen- 
aulom ſo actuated, will continue to deſcribe, by different 
a r will Wan as the * Roots of thoſe Forces. 


COROL., 1v. 


HEN both m and are equal — that is, 
when the Oſcilations are performed without Re- 
ſiſtance, the Time of Vibration will be barely pb*; z which 


is to the Time, wherein a Body freely : deſcending from Reſt, 


would fall thro CB, Half 5 Length of the Pendulum, as 
the Circumference of a Circle, to its Diameter. 


O. RO L. V. 


x OREOVER, when only 2 is = o, Of or the Refi: 

tance uniform, the 8 will, alſo, be Iſochro- 
nab and performed in the very ſame Time as if the Pen- 
dulum was not at all reſiſted, i WES: THE, 


COROL. VI. 


Bug, if mn by equal. to ' nothing, or the Pendulum be 
reſiſted, ah in the duplicate Ratio of the Velo 


city ; the Time of Oſcillation will then be pb a 
U 1. 


6400 
1+ 7 r, Oc. Therefore, che Exceſß of the Time 


of one whale Vibration, in a Medium teſiſting in the duplicate 
Ratio of the Velocity, above the Time of Vibration in the 
leaſt; Arc Nef, is to the Time of Vibration in this Arc, 


aa 


5 85 — e, Sc. to S or, becauſe = ＋ is very 


ſmall, as 25+ to 1 very nearly : Hence it ſhould follow, 


that the faid Exceſs, is in the duplicate Ratio of the Arcs 
very neatly, I ſay ſhould follow, becauſe I know very well, 
that Sir aac Newton, Princip. Prop. 27. B. II. makes it 
to be, nearly, in the ſimple Ratio of the Arcs: This I 
confeſs had made me more than a little ſuſpect, that I might 
have here fallen into an Error; and yet upon re- examining 
the Proceſs with more than ordinary Attention, I have not 
been able to diſcover any Miſtake therein committed; but ü 
if any ſach ſhould occur to my Readers, I ſhall readily ac- | 

knowledge my {elf obliged for the Diſcovery, | 1 


8 C H OLIU M. 


F inſtead of a Cycloid, the Ofcillations be performed in 
I a Circle, the above Concluſions will ſtill hold, provided 
the Arc deſcribed be but ſmall; excepting thoſe that relate 

to the Time of Vibration, which is ſhortned or prolonged, 
pee of the Reſiſtance, from the particular Nature of 

the Curve, according as a ſmaller or pow Arc is deſcribed. 


But, if to the Time Db I + 2 — — F —. -» Cc. found as 


above, be added the Exceſs of the Time of Vibration in 
the Arch 2, of a Circle whoſe Radius is 8, above the Time, 
ba the leaſt Arc poflible, 'which, oy p. 140. of my Book of 


1 . ng Y Fluxions, 
— 1 | 


(75) | 
Fluxions, is VEE . Ge. we ſhall then have þb* >; 


166 


1+ + =, &c. for the Time of Oſcillation in the 


Arc 2 of that Circle nearly. Hence it will not be difficult 
to determine, how much the Times of Vibration, in ſmall 
Arcs of Circles, are increaſed or decreaſed from the different 
Weights of the Atmoſphere. For, if the, Force by which 
the Pendulum is kept in Motion, be always the fame, the 
Arc deſcribed, by Cor. III. will be as Id, that is, in the 
ſubduplicate Ratio, inverſely, of the Denſity of the Medium, 
or Height of the Barometer: Therefore, if þ be put for 
the Height of the Barometer, at the Time when a given 
Arc c is deſcribed, the Length of the Vibration correſpond- 


ing to (y) any other Height thereof, will be ch? ; this there- 
» 2 


fore being ſubſtituted" inſtead of a, and = inſtead of d., 


in the above Expreſſion, gives pb* x 1 + £<- = —_— —— &c. 


for the Time of Vibration correſponding. to this laſt Height ; ; 
Which, when y = h, is pb* X I I += &c. therefore 
the Difference of the Times of Vibration anſwering to 
the two Heights of the Barometer h and y, if be put equal 


to the Difference of thoſe Heights, will be 2*** x 
, 
77 — , &c. nearly, exceptipg by ſo much as it is varied 


thro' the different ſpecific Gravities of the Pendulum, Ge. 
in a rarer or denſer Atmoſphere; which is eaſy to be com- 
puted. However, after all, it is not to be ſuppoſed, that the 
Alteration in the Time of Vibration, above ſpecified, will 


happen 


(76 
happen immediately upon the Riſe or Fall of the Mercury; 
becauſe the Pendulum, thro! Its vis inerriæ, will be ſome 
Time before it can be brought to perform its Vibrations, 
either in a greater or ſmaller Arc : And, indeed, the Alte- 
tations, both in the Time and Arc deſcribed, from the above 
Cave, are fo ſmall, when compared with thoſe arifing from 
Friction and + as Coty to come under the niceſt: 
Obſervation. 2 | 


„* ai 1 2 FA * TY all... ia. _ * 7 F of 4 a. n — 


1 — . 9 —_— - On — EN 


PROPOSITION Ul. 


Suppoſing that a heavy Body, ofcillating in a Gycloid, is reed 
by a rare and fimilar Medium in the Ratio of à given 
Poxzer of (n) of the Velocity ; to find the Exceſs of the Arc 
deſcribed in the whole Deſcent above that deſcribed in the 
ſubſequent Aſcent, and the Number of Ofcillations that will 
be performed before any other given Arc is deſcribed, 

or the Pendulum has loft a. given Part of its Motion. 


T ET ABD be the whole Cycloid, BC its Axis, EB 
de given Are deſcribed in the firſt Deſcent, B F that 

deſcribed in the ſubſequent Aſcent, and FG the required 

13 — | 


— — 
G\— —— b 

r 7 
eee e Z 


5B 


Difference of thoſe Ares; and, ſuppoſing the Body to be 
arrived at any Point 8, let its Velocity there be the ſame as 
1 it 


j (9p) 

it would acquire in freely deſcending from Reſt thro' the 
Arc es by an uniform Gravity equal to its ſpecifick Gra- 
vity in the given Medium; and let @ be to the Length of 
the Arc BD, as the ſaid Gravity to the Reſiſtance, which 
the Body would ſuffer with the Velocity that it 
might acquire, from that Gravity, by freely falling thro 
CB: Draw EHG, SR, Cc. parallel to AD, and let 


b, a, Al, and æ, ſtand for BD, BE, Be, and BS reſpectively. 
Therefore, the Velocity acquired in vacuo, being in the ſub- 
duplicate Ratio of the Diſtance perpendicularly deſcended, 


RF]+, or its Equal / A- 2 (from the Property of ny 
Curve) will be as the Velocity atS; and therefore = A 


the Fluxion thereof, as the Increaſe of that Velocity: But, 
this Increaſe depends upon two Cauſes ; the one, the Force 
of Gravity, and the other, the Reſiſtance of the Medium. 
If the Medium did not reſiſt, A would be conſtant, and 


therefore the Increaſe of the Velocity barely as == 


A— A 
wherefore, the other Part, ariſing from the Reſiſtance, muſt 
e and, conſequently, the reſiſting Force of the 


A— R 
Medium, to that part of the Gravity by which the Body is 
1A . ⁊ x 

A- E VA—=zz 
this Part of the Gravity being to the whole, as 2 to 6, by 
the Property of the Curve; the Reſiſtance will, it is mani- 
feſt, be to the ſpecific Gravity, as A to 268. Moxeover, be- 

cauſe the Velocity, at the ſame Point 8, is to the Velocity 
which would be acquired by freely deſcending ('as above) 
along BC, as A- : b; the Reſiſtance, with the for- 
mer of thoſe Velocities, will be to the Reſiſtance with the 
TW X latter, 


„or, as A to 222: But 


accelerated, as 


(78) ; 


latter, as A—=zz21z to 3“, or, as — to ; and, con- 


ſequently, the Reſiſtance at 8, to the Wl of omi, 


as DR Rs, Wherefore, it will be as D= : 415 


| 3 —1 85 —1 
A: 2533 whence = = EX, from which Equa- 


tion A may be determined by the known Methods of in- 
finite Series, &c. be the Medium what it will: But, in a 
very rare one, ſuch as is ſuppoſed in the Propoſition, the 
Thing may be, otherwiſe, much more eaſily effected. For, 
then Ee, being, at its greateſt, exceeding ſmall, aa'— 
2, may, without ſenſible Error, be ſubſtituted in our 


Equation for A —2z; which done, we have 2 equal 


2 X 435 —2 s 


into | 34 
.* N -X —3 


Sc. to — Factors; and. when 2 equal 4, and z an oa 


n+1 , 
Number, equal to 32452 = = I hat x4 * X E 


2464 —2 2 ** 


Sc. to 1 Factors; from which two CPA the Flu- 


ent of the ſaid Part, in any intermediate Caſe, where 7 is a 
Fraction, may, by Interpolation, be nearly obtained : But, 


= the Fluent of the contrary Side, when 8 coincides wittr 


B, 23, 1 1 0 S' and e coincide with E, equal 
| n E= 


We 2 


(79) 
ZE, wherefore, if 5 be put for the Uncia of the Fluent, 


above found, we ſhall have == equal —Be" equal 


-. whence, becauſe Be is 


— that is in the a- 


nearly equal to B E, we get Ee = 7 
foreſaid Circumſtance, when S coincides with B; therefore 
=, the Double thereof, will, it is evident, be * to 


4 n—=2 *, 


F G very nearly. L. E. I. 


Let x, now, be the Number of Vibrations performed be- 
fore the Pendulum is brought to deſcribe, in its whole De- 


ſcent, any ſmaller Arc (E): Then, ſince (E) the Decre- 
ment of this Arc, in one entire Oſcillation, or while x is in- 


creaſed by 1, or x, is found to be = 2 we have E 


2 ? 
. , and therefore x = 22" —E ;. whence & 
1431 — 21E * 
13 —2 IST... ; 
mains, oh, i EIT 2. E. J. 
. 


"HE Difference of the two Arcs deſcribed, in the De- 
ſcent and ſubſequent Aſcent, is in the Ratio of the 
ſame Power of either of thoſe Arcs, as the Reſiſtance is of the 


Velocity. 


COR 0 . 


(60 | 


COROL. I. 


E Refiſtance being in the duplicate Ratio of the 

Celerity, and the Lengths of the two Arcs given ; the 
Number of Oſcillations betwixt the Times of deſcribing 
thoſe Arcs will continue the fame very nearly, let the Cy- 
_ or Length of the Pendulum, be what it will, 


c oRO . m. 


F the Reſiſtance be either uniform, or directly in the 
Ratio of any Power of the Velocity leſs than in the 
ſimple Ratio, as the ſubduplicate, ſubtriplicate, &c. the 
Body will continye vibrating *till- it hath compleated 
ELIZ, —= entire Ofcillations, and then will have entirely 


277 an X — 


loſt all its Motion, 


COROL, 1. 


WH EN the Reſiſtance is in more ** the Gal Ra- 
tio of the Velocity, the Motion will be prolonged 
ad infinitum. 


S aD V. 


A8 LY, if any two Arcs of the Cycloid, or ſmall 
Arcs of a Circle, be taken in a given Ratio to each 


other, the Number of Vibrations performed between the 
Times of deſcribing thoſe Arcs, in one whole Deſcent of 
the Pendulum, will be nearly in the inverſe Ratio of that 
Power of either of the ſaid Arcs, whoſe Exponent is leſs 
by Unity than that expreſſing the Ratio of the Reſiſtance ; 

that 


A =" 
= 
5 
E * 
1 
_ 
2 
2 * 
» 
_- - 
if 
: 4 
* * 
48 
: 
« = 
* 
\ 
a 
IJ 
4 
2 
* 
F 
of 7 
4 * 
4< 
> 1 L 
7 
- 
* 
- £1 
; I 
', 
= 
+ 
* 
23 
* 
J 1 
f WM 
7 8 
L s 
: 
; 3 
þ 
4 F 
* 
2 
1 
» 
af 
q 7 
j 
. = 
of 
1 
„ aig 
4 


K 


(8. 

that is, if two Arcs, A, B, be taken in the ſame Ratio, as 
two other Arcs, C, D, the Number of Vibrations betwixt 
deſcribing the two former, will be to the Number betwixt 
deſcribing the two latter, in one-whole Deſcent of the Pendu- 
lum, as C- i to A.-, or as D*—: to B-. From whence, 
and the foregoing Concluſions, not only the Law, but the 
abſolute Refiſtance of Mediums may be found, by obſerving 
the Number of Vibrations performed therein by given Pen- 
dulums, in lofing given Parts of their Motion. 


k 
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A new „ Method for the Solution of Equations in 
Numbers. | 


CASE I. 


N hen only one Equation is given, and one ami (* to 
be determined. 


AKE the Fluxion of the given Equation (be it what 

it will) ſuppoſing, x, the unknown, to be the varia- 

ble Quantity ; and having divided the whole by x, let the 
Quotient be repreſented by A. Eſtimate the Value of x 
pretty near the Truth, ſubſtituting the ſame in the Equation, 
as alſo in the Value of A, and let the Error, or reſulting 
Number in the former, be divided by this numerical Value 
of A, and the Quotient be ſubtracted from the ſaid former 
Value of x; and from thence will ariſe a new Value of that 
Quantity much nearer to the Truth than the former, where- 
with proceeding as before, another new Value may be had, 


and ſo another, Cc. till we arrive to any Degree of Accu 
racy deſired. 


Y CASE 


— — !Nd—U—œ—̃ — — — — 


( a , ) : 0 . 
* 8 * * 9 
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& * x : S % 


IR ct ee 1 
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When _— an! r- Epo given, TIN many bene 


PF 5 


a, 4 F 23 


fe and 2 to ” dere mined,” 


NA, cor 


ARE IN Fluzions of bowls the anders n 


4 xand y as variable, and in the former collect all the 
Terms, affected with *, under their propet Signs, and having 


divided by x, put the Quotient = = A; and let the remaining 
Terms, divided by 5, be repreſented by B: Ia like manner, 
having divided the Terms in the latter, affected with x, by x, 


let the Quotient be put = 4, and the reſt, divided by 5, = 6; 
Aſſume the Values of * and y pretty near the Truth, and 


ſubſtitute in both the Equations, marking the Error in each, 


and let theſe Errors, whether poſitive or negative, be figni- 
fied by R and. 7 reſpectively: Subſtitute likewiſe in the Vas 


lues of A, B, a,b, and let z and g be convert- 


ed into Numbers, and reſpectively added: to the former Va- 
lues of x and y; and thereby new Values of thoſe Quanti- 
ties will be obtained; from whence, by repeating the Ope- 


| ration, the true Values may be approximated, ad libitum. 
Note; 1. That every Equation is firſt to be 10 reduced by 


Franſpoſitin, that the Whole may be equal to Nothing, 


36" That; if after the firſt Operation, the Value of & or 
» 75 not found to come out pretty nearly as aſſumed, ſuch 


Value is not to be depended on, but a new Eſtimation made, 


and thai INE Oi n 


Li 


- 


3: 


2 
* 
>, 
35 
3 
1 
IN 
>: 
i 4 
—— 7 
8 
3 
1 
K. 
Ws. 
I -* 
3 
fr 
+ Vo 
Te. 
* 1 
Ts» 
* 
- "lg 
„ - 
* 
- 
_—_ 
"2 
* 
* 
£ k 
— 
2 
og 
ti 
* * 
— 
e 
> 
A 
I 
-=Y 
"8 
4 — 
7 bz 
= 
on” = 
„ 
7 
a 
* 
2 
2 : 
* 
83 
+ 
"FL 
"A 
* 
2 
3 
8; 
Ne" 
* 
$4] 
* 5 
* 
bt 
— 
Ys 
* 
a 
555 
1 
a, 
*S: 
* 
$ 
0 


: a) 
3. That, the above Method, for the general part, when 
x. and y are near the Truth, doubles the Number of Places 


at each Operation, and only converges ſlowly, when the Di- 


viſor A, Ab—84B, at the ſame time converges to nothing. 


"EXAMPLE I. 


ET 300x — x3 — 1000 be given S o; to find a Va- 

LY luc of x. From 300xi— 3x*x, the Fluxion of the 
given Equation, having expunged x, {Caſe I.) there will be 
300 - 3xx= A: And, becauſe it appears by Inſpection, 
that the Quantity zoo — *, when x is = 3, will be leſs, 
and when x = 4, greater than 1000, I eſtimate x at 3. 5, 
and ſubſtitute inſtead thereof, both in the Equation and in 
the Value of A, finding the Error in the former. = 7.125, 
and the Value of the. latter = 263.25: Wherefore, by taking 


2 = .027 from 3.5 there will remain 3.473 for a new 


Value of x; with which proceeding as before, the next Er- 
ror, and the next Value of A, will come out ,00962518, 
and 263.815 reſpectively; and from thence the third Value 
of x = 3.47296351 ;-which is true, at leaſt, to 7 or 8. Places, 


EXAMPLE II. 


ET V I —X + Aru. V I — 3x3 —2= o. 


2 * * 
This in Fluxions will be TT fe 


_9x*x and therefore L. 
If === Q 24 Ia! rt 


——— wherefore if x be ſuppoſed . , it will become 
2V I—3x?* 


— 3.545: And, by ſubſtituting 0.5. inſtead of x in the 
| given 


(684) l 
given Equation, the Brror will be found .204 3 therefore 


= 1 ==. («qual = 057) ſubtracted from * gives 557 for 


the next Value of x; from whence, by proceeding as be- 
fore, the next following will be found . 55 16, &c. 


| ., EXAMPLE I. 
ET there be given the Equations y + 77 ** 2 
10 So, 1 to find * 


and y. 

The Fluxions here "0s ” * 15 x + 28 
gs {ole e and | i 5 * 75 7 
we have A equal — 72 „ 
re and $= ggf (Caſe IL) The 


Let x be ſuppoſed equal 5, and y equal 6; den will R 


equal — 68, 1 equal — . 6, A equal — 1.5, B equal 2.8, 
4 equal 1. 1, 6 equal 93 therefore IEEE = == 243 , ad 


— = 3751 and the new Values of & and y equal to 


5-23, and 6.37 reſpeQively ; which are as near the Truth 
as can be exhibited in three Places only, the next Values 
coming out 5:23263 and 6. 25. 


Nvre, Wen Equations' are given to be ſolved in this 
manner, it will be convenient, that-they be. firſt of all re- 
duced to the moſt commodious Forms, to facilitate the Ope- 
tations , whether into Fractions or Surds, or vice verſe * 

For Inſtance, the Equations in the laſt Example had been 
| much 


. by 


(3s) 

much eakier ſolved, bad they been firſt reduced, out of Surds 
to 200 —x Xx —/100=0, and yy —x x + 25x— 144 
equal o, or, by | exterminating y, and working accord- 
ing to Caſe I. whereas, on the other hand, to have reduced 
the Equation, in the preceding Example, out of Surds 
(as is uſual in- other Methods) would have rendered the 
Trouble of Solution almoſt inſuperable, 


- 


EXAMPLE. Iv. 


ET 40 ** = — 25 KK * = 0; po 


4349 A. 
T_T > * == O. 
Here, taking the Fluxions of both the Equations, and 
proceeding according to Caſe II. we have A equal 49 


— , * * 4 a. 
** AIR FF 2 9 2 0 * . F 2 


Dr Ag x B hs 98 x co x? —— — 162 x 
I — 5 — d * = on —— 
nom ˙ II T1450, 22 
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1 I 

. Suppoſe & . 8, and y = .6; then will be found R= 45, 
r = 2.66, A 68, BS 20.7, a=— 131, 6= 146, and 
the next Values of x and y equal to .799 and .582; with 
which, repeating the Operation, the next following will come 
out .79912 and .58138, both which are true, at leaſt, to 4 
Places: But, if a greater Exactneſs ſhould be deſired, let the 
Operation be once more repeated, and then the next Values 
will be true to double thoſe Places. Hb 


N. B. Altho' in ſeveral Caſes it happens, that the required 
Values, from the Equations themſelves, cannot be aſſumed 


2 near: 


(W) 
get is Thh Withobt fore Attention and Trouble; yt, 
Tfrem the Nature df the- Problem from whence thoſe Equs- 
tions. are derived, when that is Known, the Trouble may be 
avoided, and the Thing effeckell Without any great Diffica?- 
ty: For inſtance, tho" It is not eaſy to petceive, that y and 
x are about - and g in the laſt Example ; yet, when it is 
Known, that 1, x, and y, are the Sides of a Plain Triangle, 
wherein Lines, drawn t6 biſect each Angle and terminate in 
thoſe Sides, are to one another, reſpectively, as 5, 7, and g, 
the Thing then appears evident upon the firſt Conſideration, 


EX AM IL E v 

ET x απ e loo o, and Yi o. 

| Here we ſhall have A=1+L:xxx*, B equal 
LY, = „ +5* L:y, and b equal = 
y ＋ L: x. Now, it appearing from the firſt Equa- 
tion, that the greateſt of the two required Quantities cannot 
be leſſer than 4, nor greater than 5; and from the firſt and 
ſecond together, that the Difference of xx and y muſt be 
pretty large; otherwiſe &. 4- 5” could not be 10 times as 
great as & + * I therefote take x (which I ſuppoſe the 
greater Number) equal 4.5, and y equal.2.5 ; and then by 
a Table of Logarithms, or otherwiſe, find the next Values 
of theſe Quaitities to be 4.55 and 2.45; and the next fol- 
lowing 4-5519, &c. and 2.4495, &c. reſpectively. 


ot INCREMENTS. 
PROPOTTTTON L 


F. 1, u, n, n, „, n, Kc. be a Series of Terms in a de- 
| creafing Arithmetical Progreſſion, whoſe common Difference 


isn; andnnn... xn, „ Produft arifng from the 
Multiplication of any Number, r, of thoſe Terms, imme- 


diately ſucceeding each other, continually together ; and if 


each of the Factors in this Produ be increaſed by the com- 
mon Difference I fay, 7 * Product it ſelf will be increaſed 


by FAX 1H 1 1 XI; WR under ö mer 
thoſe Quantities. 


F OR, fince x, increaſed by the common Difference, be- 
comes equal to 1; and z, increaſed by the ſame Difference, 


equal to u, &c. Sc. it is manifeſt, that the new Value of 
the faid Product, arifing from ſuch an Increaſe of its Factors, 


11 


will be equal to» h. . X 7 , under the firſt Values of 
thoſe Quantities, from which taking the former, or given 


3 we have 1 1 U. X 1 — 2 2 


11 4 
Hi Ib 


Xn=nnn...x I into 2 — u for the Increment ; which, 


becauſe the Exceſs of # above u is equal to r times the 
common Difference, will conſequently be equal to 7, x 


nnn....n, 9, E. D. COROL- 


n 


COROLLARY. 


- 


INCE the In ent. . *I is 40 to 


3 # 4 u. 


be rA v, N. "X 7, that = . mut 


ra 


My — 

conſequently be - 1 . X J: : Whence, to find a Pro- 
duct of this kind from its Increment given, the following 
Rule is derived, i. e. Increaſe the Number of Factors, by 
annexing to them the next inferior Term of the Progreſſion, 
and divide the whole by the Number of Factors, thus 
ee, drawn into the common Difference. 


IS 


Note, That 7 ſtands for the Term of the gab 1 Pro- 
greſſion, whoſe Diſtance from n is r—1, when on the de- 
ſending Side, and # when on the aſcending Side; the like 

1 \ 


is to be underſtood of any other. 


EXAMPLE l. 


E T a Product or Quantity, expreſſing the Value of 
j 1+2+3+4+5+:: 4 z be required; or, which is 
the ſame in effect, let it be required to find an Expreſſion 
ſo affected, that increaſing » by 1 (or writing therein +1 
inſtead of u) it ſhall be augmented by +1. Then, if 


„, u, , &c. be aſſumed for a Series of Numbers in Arith- 


metical Progreſſion, whoſe common Difference is 1, accord- 
ing to the above Notation, we ſhall have z equal to the gi- 


ven Increment in this Caſe; to which annexing 7, the next 


inferior Term of the Progreſſion, and dividing the Product 


_ (nn) by (2) the Number of Factors, drawn into the com- 


mon 


(89) 


mon Difference; there comes out 1 n, or 2 „which 


is equal 1+24+3+4+5 ... +, the Value . 


EXAMPLE IL 


ET it be required to find the Sum of a Series of Cubes, 

as 1+ 8-+27+64-+125, Cc. Put 7 for the Num- 

ber of Cubes to be taken, S their required Sum, and 5 the 
next ſucceeding Cube of the Series after the laſt in S, or the 
Increment of $ that will ariſe by augmenting (=) the Num- 
ber of Terms by Unity: Then, becauſe 1 is equal to the 
Root of the firſt Term, and alſo equal to the common Dif- 


ference, the Root of the Term 8, it is manifeſt, will be = 
+1; z or, if 1, tt, u, n, Ge. be put for a Series of Num- 


bers whoſe common Difference is x, equal to ; wherefore 
8 is equal ann. But to bring this Value of 8 to the Form 


of the Propoſition ; inſtead thereof, let its Equal 7 — 1 x 


nxn-+1, or nn +1 be ſubſtituted ; then 8, according to 


7 
AA #7 


the Rule, will be — + — where, for 27, writing its 
A 


* . . 
Equal un — 2, it will become 8 = —- = IL 


A a A. 


6900 


EXAMPLE III. 


O find the Unciz of 2 Binomial raiſed to a given 
Power. 

Let a-+ & be the propoſed Binomial, the Exponent of 

its Power, and let B, C, &c, be the required Uncie, or 


9 
which is the ſame in effect, let Il be = 4" e 
xb++ Ca" 3 ＋ Deo" 33, Go. 


The Equation multiplied by a 6 becomes —" . 


2714415 2 S ee B e. 
wherefore, becauſe the Unciæ of the Power, whoſe Exponent 
15 1 are l B, C, D, E, F, G, Ge. 
In+1 1, BI, CTB, DAC, E+D, FE, G+F, Sc. 
it is manifeſt, that the Values of B, C, D, Gc. are ſuch, 
that increaſing (u) the Exponent by Unity, they will be 
increaſed by 1, B, C, Sc. reſpectively. But the Increment. 
of B being = 1, the Value of B, or Increment of C, will 
be = n; and therefore C, or the Increment of D, equal to 


8 41 ith 


—_ therefore D equal to 2 therefore F equal to FO 


Fl 7 mM 


Sc. Ge. where u, n, u, &c. ſtand for n=, nm—2, n—3, 
&c. reſpectively, 


PROP, 


69 


PROPOSITION II. 


Suppoſing n, n, n, u, u, &c. to be as in the laſt Propoſition J 
T jay, A each Factor in the Denominator of the Fraction 
NN 2 be diminiſhed by the common Difference, 


f "m 


the Fraftion it felf will be increaſed by eee e 
+ So — 


OR, ſince , diminiſhed a: the common Difference, 


becomes equal to n; and u, diminiſhed by the ſame 


Difference, equal to n, &c. the new Value of the faid Frac- 
tion, ariſing from ſuch a Diminution of its Factors, will, it 


is evident, be equivalent to — , under the firſt 
4561 „ | 
8 HM m— 
| 1—2 a * 
or given Values of thoſe Quantities; and therefore the In- 
creaſe thereof muſt be N — —————— equal to 
pb ne = 
1—2 
* 4 
1 F I 7—1 | 
_ _ * — — = * equal to 
4n — 4 — 12 — n XN 
N 12 — 1 1—2 — 
— 
* 
— 


( 98) 


— , becauſe. „ equal to rn, 
— 


1 
„nr „„ 
: 7 . — — , hs — 9 


F 
JHEREFORE, the Quantity, or FraQtion, whoſe 
Increment is 2 — being — , the 


ES © © kf 


4 2 4 - 1 1 — A e te 
* — 


Tong whoſe Increment is —— muſt conſequently 


be — 22 Whence to > find the Value of Taten 


raXimm... * 

N 444% —T—⅛ © 
* Food "7 £ 
« f Un £ 


of this. kind, from. | its Increment given, . . this 
Rule. Strike out the leaſt Factor in the Denominator 
of the given Increment, and inſtead thereof put the 
Rectangle of the common . of the Factors into the 
Number of remaining F actors ; 3 the Reſult will be the Va- 
hue that was to be found. 


Ex AMP I. E. 
E T it 4 required to find the Sum of the infinite 
Series — 7571 he = Bog Sc, or one ſingle Frac- 


tion 


( 93) 
tion (if poſſible) that ſhall expreſs the Value of, &c. * | 


+ _— + 5 . Here, if the required Fraction be conſidered 
as made up, or generated by a continual and regular Ad- 


os. | 8:55.52 I . | 
dition of the Terms, &c. „N of the Propoſed Se- 


ries, then —- being the next ſucceeding Term of the Pro- 
greſſion, or the Increment. of the ſaid Fraction, the Fraction 
it ſelf, by the foregoing Rule, will be = —==— = -- 
In like manner will be found 


1 1 1 


— —— — _— e e 4 Co — — „ 
1.2-3-4 + 3. 5 + 3.4-5.0 * 2. 3 


' I 1 1 
— — — 7 0 2 . — 9 
e ee e, 


5 5 a 6 — Se. — 8 
I.2.3-4-5+ T 2.3-4+5+ 7 + 34-5.6.7.8 7 2:3-4-5-5 x 


N. B. That in finding the Value of any Quantity by 
the Methods foregoing, it ought to be well conſidered, from 
the Nature of the Queſtion, whether that Quantity conſiſts 
barely of ſuch Fraction, Product, or Products, as are ſpe- 
cified in the Propoſitions, or thoſe joined to ſome invaria- 
ble Quantity (as is done in F luxions) and Allowances is 
to be made accordingly. 


Bb An 


L k 
(4) 


An InoiRigation of Sir Iſaac Newton's Theorem for finding the 

Sum of a Series of Numbers by means of their Differences, 
ET a, b, c, d, e, f, g. b, &c. be the given Series of 
Numbers: Then, by taking each of them from the 
next ſucceeding, there will be — a+b, —b+c, —c+4, 
Ae, — f+g, for the firſt Differences: Again, taking 
each of theſe Differences from its ſucceeding one, we have 
a—2b+c, ac, c—2d+e, d—2e4-f, Cc. for the ſe- 
cond Differences, In like manner the thirdjDifferences will 
be found — 32 +36—3c+4, -b+3c—34+te, -c+ 
3d —3ze+f, Cc. and the fourth, 2 — 46 ＋ 6c—-4d+e, 
b—4c+6d—4e+f, Sc. &c. Let the firſt Difference of 


the firſt Order be called P, the firſt of the ſecond Order B, 
the firſt of the third Order H, &c. then we ſhall have 24, 


b=a+4+D, c 2-2 +25 4D, d=a 36+ 3c+D, Se. 
and from thence by Subſtitution, 


42 4 

b=a+D 
2442545 

4 43543545 


eza+4D +6D +4D +D. 


where the Law of Continuation is manifeſt, the Unciæ of 
the Values of c, d, e, &c. being thoſe of a Binomial, raiſed 
to the ſecond, third, fourth Powers, &c. Therefore, if n be 
put for the Number of Terms in the propoſed Series @ 4 6 
Ted, Sc. whoſe Sum we are about to find, the Value 


of 


4 


69530) 
of the next Term in the Progreſſion after the laſt in that 
Series, or that whoſe Place is defined by #41, will it is 


plain, be equal to a T DTX DTX x 


DPT P, &c. And fo much will 
Fa ſaid Sum be increaſed by nn n, the given Number 
of Terms by Unity z which Sum, therefore, by the firſt of 


the two foregoing Propefitions, is _ 2 ＋ AX — * 


—— Dx x x — 5 Sc. L. E. I. 


EXAMPLE. 


UPPOSE 2, b, c, d. &c. to be a Series of Squares, 


as 9, 16, 25, 36, &c. whoſe Roots are in Arithme- 
tical Progreſſion; then will the firſt Differences be 7, 9g, 11, 
13, &c. the ſecond, 2, 2, 2, &c. the third, o, o, &c. &c. 


Therefore a = 9, D=7, D=2, D=0, B= o, &c. and 
AR AR” nag ** D, &c. equal 9 nx 7 


tinued to e 


In the ſame manner the Sum of a Series of Cubes, Bigua- 
arates, &c. may be found, 


An 


An eaſy And general Manner of inveſtigating the 


| POR of any recurring Series. 


"PROPOSTTIO N. N 


In 3 * r, „ &c. to be any Quantities, either poſe 

Live or negative, and A4+B4+C4+D4E, &c. a recurring 
Series, or one whoſe Terms A, B, C, &c. are ſo related, 
that any ane f them, being multiplied by p, the next follow- 
ing, by q, the next in Order, by r, &c. the Sum of all the 
Products, thus ariſng, ſpall be equal too: To find (x) 
the Sum of ſuch a Series. 


ECAUSE, by Fang ada e e &c. 
is equal o, PB +9 C-+7D, &c. equal o, £C+9D 
+7E, Cc. equal o, Cc. Sc. it is evident, that the Sum of 


Li fp AgB+.:iC + 5D, &. 7 
B T TDT E, Sc. 


170 +gD+rE+s5F, Se. | muſt conſe- 


uently be 
175 + E+rF +56, &c. { Wow 8 


PE ATF +rG+H,&. | 
Aue 1e. Se. Cc. Cc. &c. 


4343 3 J | 


Where, becauſe A LB TCD Gr. b B4C4D: 
Sc. =x— A, C-+D+E, Se. = x—A—B, Sc. &c. the 
Value of the firſt Column towards the Left-hand will be px; 


that of the ſecond, * Az that of the third, * AB; | 
that of the fourth, sxx—A—B—C, &c. &c, and therefore 
Px 


4 | , 
(97) 
pr +9gx3=A+rxx—A—B+$xx—A—B<T,&c. 
or pxgx—gApre—rxa x A+B +sx—$sx A+B+ÞC, 


— | AT- XAÞ+B+:XA+B+C+1% — 
Sc. So; hence x= r 
Sc. L. E. J. 


EXAMPLE l. 


ET the Series @ y + y* +2, Sc. (= x) be propoſed, 

where p equal — y, 9 a, o, So, Sc. Amay, 

B=yy, &c, then will x = e . , become — 
in this Caſe. 


EXAMPLE II. 


ET ee. Sc. = x, where 
p=1, 9 = 227 r=26, o, f=o, Cc. Then A 
being = 1, = — >, Se. n Sc. (x) Will 


here become Ro: hrs 


Cc PRO. 


and 


— _— 2 


—_— 


. 


A Method for finding the Sum of a Series of 
Powers, &c. 


2 — — 


PROPOSITION 


To find the Sum of any Series of Powers whoſe Roots are in 
Arithmetical en as i + 240“ + 


mH+3d\... .x",.m, d, and n, 2 any Num- 
ber's r 


ET ar e ＋ 


3 +Fs 5 Sc. — K, if poſſible, be al- 
ways equal to . ..c.... * „, and A, B, 
C, Sc. determinate Quantities: Then, if any other Num- 
ber in the Progreſſion ＋ d, m+ 2 d, 34d. . 44d, 


* ＋＋ 2 d, x + 34, &c. as x+ d, be ſubſtituted inſtead of 
x, the Equality will ftill continue; and we ſhall have 


Ann dl +C xx av” '+Dxzx my 


Sc. — K equal = Fan Y; from 
which taking the former Equation there remains Ax xd * 
* LBA + CNN . 


=x+41", ſhewing how much each Side is increaſed by aug- 
menting the Number of Terms in the given Series by Uni- 


ty; where, by tranſpoſing x+d', and throwing the ſeveral 
Powers of x + d into Series, we have 


— x 


N 2 Pi u*C 2— i ; 


I 

| ; ; . 
_ 9B vÞ 2 * jute T. -A ο K + | | 
8 . 2 8 ũ* * + ; : 
4 e e Nx. Ti + 4 


2 7 er 2 . 
—— * Es — x —Xi+s Per. IXI VI 


— * * 
* . 1 


1 108 ) ;# 
| From a which, _T equation the dP Terms, A vin 


14 


2 | 1 * *—1 1 
2.3-4:5-0_ P= ©, , G= 7 2.3 4-5-6.7.6 + 


| H o, Cc. N the Values of A, B, C, &c. ens 

ſo aligned, che whole Expreſſion, or or its Eyual - — * 

N * F. BNN ee ant. 
be equal o, and e Ax * x +4' n + 


BNN Pal =x" „Ge. =#F2; that is, la x and.» be. 


what & they will, the foreſaid Increments of Ax B + 


mw 83 | e. K and 75 3d m42 * „Cc. will, un- 
der the above aſſigned 'Values of A, B, Ge. be equal to 


one another: Therefore, if K be taken equal An ot HY 
Bm +Cm „Ge. ſo that teen ew or the . 


poſed Series is equal to Nothing, A B c. 
K may be allo = o, it is manifeſt, that theſe two Ex- 


+ > 


pteſſions, as they are increaſed alike, will, in all other Cir- 


cumſtances, be equal that i * let x be what it will Ar 
IB. 4c 4D. . — Ant — B 


— Cm =D 78 - &c. under the ſaid values of A, B, 
C, Ge. will be always equal tom Fd” + IZ + 


an EF 3 77 ... * ; which TOO being therefore ſubſtituted, 


»+1 —.— ey bo _AXn—IXn—24x —3 
chere will be —=; "uy e EY F 4” 4 2-3-4560 


+ 


4 P” = 8 
, C4 


( ror ) 


— Nene. | =Doe-s , = - iN -e z, We. Fe 27 


- 


+ 


2-34-5070 © 2.3-4-5.6.7.8.5.0. 
AXn—1 „„ by. FP 
me 2.3-4-5.0.7.8.9.11.12. 4 x > Sc, 
2 5; 
| : 3 | 
a+1 2 3-4 — CY X 4 m 3 Er. 


2 a- « Y- + FIC „ 
VE. 1 


CORO L. I. 


ENCE, if » be a whole pofitive Number, and m be 


taken equal o; then all the Terms in the ſecond Series 
„ * 24 4 . . * 
* 2 8120 + 7 Sc. vaniſhing when u is 


even, and all but that where the Exponent of m is no- 


thing, when odd, ve beÞ, is. ths, Caſs have 4 +24" 
+3" WA 


= —.— 


3 x barely equal to = 


3 Xn—243% 3 : Ec. 
2.3-4-5.6 | 


cults ei it terminates, provided that the laſt Term, 


when u is an odd Number, be rejeted. 


ORO. I. 


HEREFORE, by taking d equal to 1, and = 
equal to 2, 3, 4, 5, Ge. ſueceſſively, we have 


ova 1 


— 4 
1 i... + 4 - +. * G W - ” * . walk = 
b —— — * * 8 = * Fe = 3 
—_ — * * — C - 9 — * 
— , * — 22 3 1 8 
** - W ww = 


« * ing 
r 


E 


. 
7 
Fo) 

Ma 

=. 

, 


* 


n 


* n 
. r 


4 


(10 


I +2 wy +4 +5" ao +x I Renee 


* 


1 + 29+3" +4*+5* . . - +7 


s 19% &. Tit. 


2 
x 3 


»* + 24+ 3++4++5% 5 T = —+>-= 


30” 


15+25+35+45 +35... IIS 


1*.+ 26 6 | Een en eee 


Sc. 2 | Sc. 


COROL 101: 
'OREOVER, if d be taken equal. to r, and * 


+1 — + ——, _ 
8 * 4 -i X 2 | * 
—2 Tt 7456 , &c. each Side of which being 


increaſed by Unity, and the whole (EAN * 4 gives 
1 2 ＋ 1 


„ Di 89 2 


e „23365 


+= = + = _ 2:3-4-5-6. 2 
2 e X n—2 „Se. | 
3-4 + 2:3-4-5 6 


B X AMP L E I. 


ET it be required to find the Sum of a Series, con- 
fiſting of 100 Cube Numbers, whoſe Roots are, 


Here 


(og) 
Here 4, the common Difference of Roots, being equal — . 


F = 3, an and x = O, let theſe Values be es in the E. 
quation in Cor. II. and it will become (= — in, in, + 
p—_F 


7 +E = ) 31878 12.5 » the Number that was to be 

found. 
EXAMPLE Il. 

L ET ==. Mg Then the Equation in' the 


1 ann, | 2 
D420 ms wb 6 


ſo that, taking x * 4, i e vill be © N 54 


+1 = 3-0731; which differs from hs true Value by Ick 
than rede ; and if more Terms had been uſed, the Anſwer 
would ſtill have been more exact; but never can come accu- 


rateiy true, when n is negative or a Fraction, becauſe then 
both Series run on ad infinitum. 


S C HOLIU M. 


HE Theorems, above found, are not only uſefuł 

in finding the Sum of a Series of Powers, but may 
be of ſervice alſo in the Quyadrature of Curves, &c. eſpe- 
cially as the Concluſions will be accurately true, and the 
Reaſoning thereupon ſcientific, 


This 


| 4 

( 204 ) _ 

Ibis 1 ſhall endeavour to ſhew by the following Inſtance ; 
* AC, being ſuppoſed a Curve, whoſc Equation is 


=2 "(AB being equal 2, and CB . 7) the Area 
ABC is required. 


4 L AB be divided into 
37 any Number, x, of equal 
* | Parts, as Ab, bc, ed, Gr. 
27 and from the Points of Di- 
Ss BY | viſion let Perpendiculars be 
3 raiſed, cutting the Curve in 


| % 41 [414 % Fn the Points, ,1, 2, 3, &c. and 
"= An | | Having made p1, 92, 73, 
SELERESS 54, &c. parallel to AB, let 

12 III the Baſe As, be, cd, &c. 
7 Ep . of each of 3 pb, 
eo, rd, Se. be repreſented 

10 4. Then by, C2, 43, G. the Heights of thoſe Rect- 


— angles, being Ordinates to the Curve, will be 4˙ 27", 


Jo &c. teſpectively, each of which +. being cvultipticd 
by &, the common Bu, and the Sum of all the Products 


- 


taken, will give into 4 +20" +3"...x0", 
(= Ap192r, Ge. CBA) for the Area of the whole cir- 
cumſcribing Polygon ; and this Series, according to the above- 


aid Theorem (Gor, II.) is equal to "7" in, 250 . © 


2 


B becauſe dx =2, it will 
bez Tf + i , &c, Now, if from this the Diffe- 


pl 


rence of the Inſcribed and circumſcribed Folygons, or the 


£1 . 


. 
Rectangle BD = d be taken, there will remain __ 
— — =*., for the Area of the inſcribed Polygon. Hence, it 


is en that, let 4 be what it will, the inſcribed Poly- 
gon can never be ſo great, nor the circumſcribed fo ſmall, as 


Lbs & (= = — —ç ): And therefore this Expreſſion muſt 


be accurately Feel to the required Curvilinear Area A CB. 


of Angular Sections, and ſome remarkable Pro- 
perties of the Circle. 


—— 


PROPOSITION I. 


We Radius A C, and the Chord, Sine, or Co-fine of an Arc, 


as Arr, being given; to find the Chord, Sine, or Co-fine of 
ARS & Ar, a Multiple that Arc. 


E RH be taken = AR, and the whole Arc AH 
be divided into as many equal Parts, Ar, - 5 Ce. as 
there be Units in 2 #2 ; and the Chords Be, By, Sc. are drawn, 
as alſo the Radii c „ OR; CY: and the Perpendiculars 
rp, RE, calling AC, 1; Br, y; Cp, x; CE, X; rp, 
u; RE, VU; Ar*,z; and AH*=Z: Then, becauſe 
any one of thoſe Chords, as Bf, is to Br + BR, the Sum 
of the 2 next it, as BC to By, by a known Property of 
| the Circle, we ſhall have yxBf—Br + BR, or yxBf 
—Br=BR ; and for the very fame Reaſon, y * BR B/ 
=Bg, and ex Bs — BR=Bb, &c. &c. Hence, it ap- 
pours, that the Values of the Chords B, BR, Sc. (which 
ESE to 


5 q 
( 166 ) 
60 a Radſus equal A B, will be Co- ines of the Angles A BJ; 


_ 


ABR, Sc.) may be readily had one after another, by ta- 
king continually the Product of the laſt by , minus the laſt 
but one, for the next following: And thus are had, 


y*—2=Bf _ 
„ I 29=87 SK -: 
J*—45* +2=Bg, 


33 +59 =Bb, 


J*—635*++95*—2 = BH, 
ob VI9 ' 


And generally, tuppoing AS"? — ＋ = 6. 
to denote any one Chord of the foregoing Order, and A y 


( 107 ) 
-N e. the next to it; then the Chord 
next following theſe will be Ay .- By CY 


Koo tet wut”, #. = 4,4 


B C D 

4 1” + wh” + e Sc. From which 
(by the Method of Increments foregoing) A will come out 
= 1, B=, C=nx , D=nx= x , E 
Xxx, Ge. and conſequently A y * BY 
er © up? xe” — 
— * + * Ix N Ken yr: Sc. wherein 
if u be taken . to the rer Number m, it will become 
„- TA LY Y⁰² C Sc. equal BR; 1 


if u be equal 2 u, then it will be y —ny NN 


7 „ Ge. equal BH; where the Series are to be con- 


tinued till the Exponents become negative, Hence, be- 
cauſe BF is equal 2 x, and the Arc AH nA, it fol- 


lows, that the Chord HB will be = 22"... mx 759"? 
LAN H 136. Sc. and therefore, X (= CE) 


the required Co- ſine being equal I H B, we have 8 
9 


3 
Sc. ſhewing the Relation of the Co-fines; from whence 
| U 


Ba 


= 
"I 
2 


the 
| 8 „* 
a - g * N * = * Lo 
r 


* r 


$ 

» 

1 

1 
= 
' 
„* 
* 
t »” 

bb 
* 
? = 
1 
3 
'2 
Ly 

1 CY 
4 
1 
bk 
a 
1 
a 

1 

8 

* 

* 
; 
'1 
4 

4% 


g 1 
C 


N 
* 


_ 


4 


—— -+13 and there- 
fore AE x AB. equal to —y" ny" en — 
Oc, 2 2 = Z, where, if inſtead of 9 Js its at 


AM — Ar) be ſubſtituted, it will et Z = + 2 > — 


— 


nz * 1 „c. equal 2 2 N 


7 1 K 2 an ELL x ELL * 5 


. 


A gs N x2"—+ , &c. continued to 
as many Terms as there are Units in m. 2; E. J. 
Otherwiſe, 


"Lhe the Lines rP, RE, be conſidered in a flowing State, 
0 \ and | (mn) as wg to & then we ſhall have / 1 -& & 


(pr): erh — equal n; and this be- 


ing the Fluxion of the Arc Ar, that of AR (equal m x 
Ar) wi 


. 
mx 


1—xXXx 


that 


609 
op LE is- the Fluxion of the Ar, muſt be equal to 


— Whence, equally Ds FP two. Dives 


minators by 1, we get — 0h z where, 


taking the Fluent on each gde, there comes out, either, 
Log. X- X* —1 = mx Log. x + V=, or, Log. 
Xin Log. x— V xx—1; wherefore, 
r 1”, = cb, X— 
if and x —V xx — 1”> the Numbers corre- 
ſponding to thoſe Logarithms muſt be equal: Hence, 
by adding together the two Equations, we have 2 X = 


x+v/ xx—T1" + TY“, and by taking 
their Difference, 2 N —1 = X + / XX — 1 
x—y/ xx — 1”; from whence, by expanding the latter 
Part of each of the Equations into Series, and dividing the 


whole by 2, there will come out XX + mx ——=x"—3 


2 — »£ 0 f — 2 — 
iL e n- 


Sc. and V X*—1=y/xx—1 in, mæ + mx == 


X I x" N, Ge. nn of which being 


reduced into ample Terms, givesX = 2= 2 r 


1— 4 


. the very ſame as above 


found. And the latter, by multiplying by - , to 
es G g take 


T N 


U 


(110 
take away the imaginary Quantities, and ſubſtituting U and 
u inſtead of their Equals / 1— X, / 1—xx , becomes 


U =u in, m X 3 * = * — X * 


* F ＋ N X * = x * 
71 — 


I x us, &c. which, in like manner, being redu- 


ced into ſimple Terms, will be U = mu u * 


4 2.3 X 
3 8 — 22 
reer 
e, Gr. L. E. I. 


C OR O L. I. 


ECAUSE the laſt Equation, as appears from the 
Proceſs, will hold as well when 1 is a Fraction as 
when a whole Number; let m, or the Multiple Arch AR 
(= MEAL). * indefinitely * then will mu 


y3 K | 5 
= X —+ * 2 * 22 Xx u, Sc. the 


— "x 


25 | 
Sine of that Arch, or the Arch it ſelf (which in this Caſe 


may be confidered n mu + == + 


290%; „ 9X2507 war and therefore the Arch Ar 
(<7 whoſe Sine is u, Will, it is manifeſt, be 9 


3.32 22442 4 5.8.7. 
e + rage + e Sc. 


COROL. 


(in) 


COR OL. II. 


J. F Ar be ſuppoſed indefinitely ſmall, and indefinitely 
great, ſo that the Multiple Arch mx Ar (=A) may 
be a given Quantity; then fince à may be conſidered as 


equal to Ar, mu will be equal to A, and mu — mx <= 


3 * 
3 As A? 

„ he en coco fs, becauſe I, 9, 

25, &c. in the Factors m* —1, m* —9, &c. may here be 

rejected as indefinitely ſmall in compariſon of W. 


xu, &c, the Sine of A, equal to mu — = + 


SCHOLIUM. 


ECAUSE x + Vr x —v SEW" 
is found above to be univerſally = zl — m „ 
2x1" * * Zz —1 == , 8 


— m — 6 


2 * „ Sc. it is evident, by Inſpection, that 
* ＋ NN + x—vV#x+1”" will be = 


— 2 — jj - 2 | — — 


. ͤ ĩ——T—ö— ,. | 
bb Garnet Foray” + 
—2 


my r* + MX . y d (by ſubſtituting 


in the room of x, and 77 in that of Unity) let 7 and 


y be what they will: Therefore, if y + my - IS ah 
He * 


(112) 


* AR — 7 x 6 ＋ mM 
* KE 5, Ge be ſuppoſed equalto fome 


given Quantity e, there will be given 2 2 2 YE e- 


* 2 2 +7 Ae allo = c 3 and therefore 


2 m (Et; —— 2 
* r mari + LL rr 


=cez wherefore, the double ReQangſe of 2 T +. 57" 


8 11 „K tat nm 


into LL PT being 27 „the Square of 
en e will be = 
ce 47, and conſequently Der 

—— VE i e *” 3 which Equa- 
tion added to the firſt give, 2 * 2 TN 


Te ; and ſubtracted therefrom, 2 x 


— — = | oy — ; ö 
e eee ;z whence We 


S& 4 


p (1333) 


Which may be uſeful and ſerve as a Theorem for the 8o- 


lution of certain Kind of adfected Equations, comprehended 


in this Form, viz. y +my"* r* + mx Y 


7 &c, c: For an Inſtance hereof, let the cubic Equa- 
tion x3 + bx b be propoſed ; then, by comparing this 


with y —my"—*r*, Sc. we have m=3, y=x, mr* 
=S, or fr cb, and conſequently x = 2+ VE +429] 

| 27 
SEL As =] 


of 


PR UP US1TS DN: 


Fon the Diameter A B, from any Point C, in the Circle 
A CB, whoſe Centre is O, the Perpendicular C be let 
fall, and the Arc AC be divided into any Number, m, 
of equal Parts, as Aa, am, &c. and if the whole Pe- 


ripbery be alſo divided into the ſame Number of equal Parts, 


beginning at the Point a, as ab, be, cd, &c. and from 


any Point P, in the Diameter AB, or AB produced, 


Lines be Sou to the Points a, b, c, &c. I ſay, Pa x 
PG x Pc* x Pd, &c. the continual Product of the 


Squares of all thoſe Lines will be equal to AO*® = 
| AO“ CLX 202 x OP” +PO#®. 


UT AO =tor, PO=tox, AP* =to TL o, 


OE to 6b, 2m = to n, and the Square of any one 


of the Chords Aa, As, Ac, Ad, &c. equal to 2: Then, 
fince any one of the correſponding Arcs Aa, Ab, Abc, &c. 
reckoned forward a certain Number of Times, brings us to the 
fame Point C, or, is equal to AC, or AC plus a certain Num- 

; > G g ber 


”” — * 2 — — — »+-, & 
We rapes =; ENTS K a. Tn — — — ME. 


bs 

1 
+4 

hi 
N 


(6114) OW 
ber of Times the whole Periphery, it appears from the laſt 


Propoſition that = 2" =2 2% = ** 8 
— 2, &c. continued to m Terms, * AC, or 
becauſe A C. is 2 26 (AB AR) it will be © 
222 * en xz ....; 


= 2+26 =0, let 2 ſtand for the Square of which of thoſe 
Chords you will: Wherefore, the Roots of this Equa- 
tion being the Squares of the Chords Aa, Ab, Ac, Ce. 
they muſt be all poſitive, their Sum n, the Sum of their 


Products aN , of their Solids n x == = x, Oc. by 
common Algebra. Now, if ge be . 


icular to 


AB, we ſhall have e eee et- 2A Pe. 
ar- A= APXIG SAD 8 * Nel, which 


in 


4 | 
\ ( 715 ) 

in Species, is PA=v+x x A: And, for the very ſame 
Reaſons, PGO == v+xxAb?, Piri=wv +xxPc:*, Ge. 
therefore the continual Product of v+x x A into 
v+xxA6* into Xx AC, &c, is equal to Pa 
Pb*>Pc*, Cc. But in the former of theſe Products, it 
is evident, that when the ſeveral Factors are actually drawn 
into one another, the Co- efficient of the firſt Term or high- 
eſt Power of v, will be x; of the next inferior Power, the 
Sum of all the aboveſaid Roots A, A3, &c. into x, of 
the next following, the Sum of all their Products into K*, 
Sc. and, therefore, the Sum of thoſe Roots being already 


found = n, aa "es ere waa + 


1 + XxX x*o" bx AX 


<A £46 
L EXE xt vn . . + TA 


Pax Pb* x Pe, Sc. Or, by ſubſtituting for v, its Equal 
NI it will be 1 x ENR X T TA 


& xũI THNI 4. 1 + 2 2 +26 1 PA“ „ P ba 
Pes Sc. (becauſe 2m=1n): This in ſimple Terms is 


1— N * Nes, Ge. 125 


PTE Eg Lo * SF _ 3 1 2 OL. = £E . . . 2 


* ＋ A* — * Nx + 1 * N Sc. 


22 + 1x Sages = # xx x3, Sc. |= Pa* x 


* _ * 


. 
] 
1 
g 
7 
by 

1 

— 
* 
9 
£5 


Pe. 13 2c" * xs, Sc. ö 


OR Oc. | 4 


F 


Which 


N 3 
— 2 7 Rs 


6 116 B $i 
Which contracted, by adding together the homologous Terms, 
becomes 1 * * o Sc. Hence it appears, that the Co- 
efficients do every where deſtroy one another, except in the 
firſt, laſt, and the middlemoſt of the ſaid Terms; and 
that the middle Term would likewiſe vaniſh, if inſtead of 


2+26bxx”", the correſponding Term of the above Series 
F ae FO *—2, or that where the Expo- 
nent of x is m, was to be added; wherefore this 
Term being 7 * . . into x"(=2x") as 
is eaſy to perceive from the Law of Continuation, we have 
I+26bx" + x**=Pa*xPb*xPc?, &c. or, AQ*” 
+2 O0XA0%” xPO*"+ PO Ps, Oc. 
And, when the Point E is taken on the other Side of O, 
O# becoming — Ot, AO “- 2 OLN AOT XPO“* 
＋ PO *” will be equal to Pa Xx PGHZXT Pez, &c. 

„ + 39 2, E. D. 


C O R O L. I. 


F C be taken at B; then will OE = A O, and PA 

„ PBK Pe, Cc. AO“ T＋L2A0 7 xPO®” + 
PO Z“; where, by taking the Square Root on each Side, 
we have Pax PIX Pe, Sc. = AQO®+PO®, 


IK. 


oO II. 


UT if C comes into A; then A being = o, and O # 
AO, A0 20 fĩA0 - xPO?*= Pa? * 


re, Oc, will therefore become e: 


—— —— — — — - 


> ( rx7 ) 

PO"+PO?” =P2a: x Pb: xPc2, Gc. And Pa x 
Pa, Se. AO PO“. 85 
COR O L. II. 


ENCE it is manifeſt, that if any Circle AB CP, 
Sc. be divided into as many equal Parts as there 
are Units in 2 (m being any whole Number what- 


ſoever) and if in the Radius O A, produced thro' A, 
any one of the Points of Diviſion, a Point as P be aſſu- 
med any where, either within or without the Circle, 


PAx PCxPExPG, Ge, will be = AO" PO"> 
PBxPDxPFxPH, Se. AOT PO“, and PA 
xPBxPCxPDxPE, Sc. AO ræë PO*®, 


— 


W 


of the Redudion of Com oat F ractions into 
more ſimple ones. 


hey = 1» \FROPOSITION. 2 

1 — NR 

To divide a Gepe Fried 8 . 
into as many fimple ones as there are Units in p; ſuppoſing 
m te be any whole pofitrve Number, not exceeding p, and 
the Denominator reducible into binomial Factors. 


ET r—x be any one of the given Factors into 
which the Denominator may be reduced, and let 


— 


4 A+Bzx+Cx*+Dx*. — 12 — 
f+8gx+hbx*+ix*....+Pxf—" 
85 ' ov x #—1 
TAT. . G Ter, 
rAdrBz+rCz*++Dx*+rEx*... . +rix p—24. * 
** ? er 2 . . ——txÞ—=1 
7 furt Tin, jo — e 


be aſſumed equal to 


; then, by Reduction, we 


— 7 Xx 


revs EFT et Sc. = a + bub cx Ce. 
Hence, by comparing the 1 2 


AE, aha. * — o - , Ce. 

2 RE. "Sy. <: ; gp M1 
ny 5 or oP = . ye 32 * e 
wherefore fs o-grs + bor* +1573 + tort — . + 


1 at vr 
sPr = vr . — WIR. Tre 
But, 


— 


1 


1 — e 
| 2 becauſe * N CN Ui P 


is „ e feeds. .. Qui” +x? we 


rf +rex+1ba*+rix? e . Ti 
have FF gx*—bxt—ix*.,..... — PxÞ 20. 
— — - e -i -... Qi 2 
LEM 3 b ä b " Thy 
and therefore f = —, g =, b= at Ft 
ets * 7 1 oy” b e * 
I a0 Pe — + + Ia. 


&c. Whence Fra, gr =a +br, bri= @+br-+cr2,. 
ir*=a+br+cr: +dr3, Gc. and . Pr Sar 
+ cr2+dri-ert..., Qn; wherefore (by adding 
all theſe Equations together) there will be fr + gr + br3 
1 br + p—2xXcr* + þ—3; 
* dr.... . . Qi; which-laſt Value being ſubſtituted in 


vr Mm 


that of s, gives 3 — . 
dee wn Qt” 


for the Numerator of one of the required ſim ple Frac- 
tions; whereof the Denominator is 7 —x ; from whence, 
by Inſpection, the Numerators anſwering to the other 
given Factors or Denominators are eaſily obtained: For, 


if R-x, S—x, T — x, &c. be the ſaid Factors 


into which 2 + bx +cx* + 4x3 ....... Qu?” 
+ is reducible, or Rx x $—x x T—x,&c. be =a-+bx + 


,/ " I 
2 — . 
— „Ge. And pa XbR+p—2XcR* +—3X4dR®...QR#! 


abit * FN © | ans 


+ * 


Gt. Ui. k l eoldett, chat — * = 
* ee . 


9 *26 ds £ ©. b 
| 1 E * * 
equal to r- * + : — * E I 


EXAMPLE I. 
* * 
Er the FraQtion — be propoſed. 
A Then will a=2, 5 c=1, dæo, ego, &c. 
vr 1 m=2, * ere TR Sc. AI, * 


123 — 


* ”" o — 
4 ' 


1 nx A* e * 


* 


I ths! given - /Fraftion/ be Le- => = een, wen. 


bb 
paring „r er ＋ a N +. uy 
122 a * 1 we have 4 H. p= 2, the Coefficient 


of the middle Term 2 N 


and al dhe red exoept the lf 
S ee 44 — ne e= N 
aca. ALL» eee 


will in in this Caſe become = IT 21 , Ge. 


29 X11 by® 2 N l 
— ⁵˙ os x — Son — —äͤä — 2 W ——— Nr Ti & & * 20 4 4 a 
—— — FY + F.. wi — 8 14 
bY” o | r $447 
i ” 44 | 
1 ; * £3 4 
7 24 


- 


Ne 


A General Quadratur of Himerbolica Corees 


PROPOSITION 


There are two Curves AC, HDG, Baving the ſame com- 
mon Abſeiſſa A B (x) whoſe Ordinates BC and BD are 


1+ —! HE 12 — r—k | 
i; , and Re. 22 * To find the Area of 
each; ſuppoſing 7 and u to be any whole poſitive Numbers, 
and the Denominator 1 = = dx" + x x; not ecke 
tao binomial Factors. | 


BT # be taken in yas often as poll, ind the Refnii 
der be denoted by ; and ſet Axr—* + Barony 


— 1 


CS * . Ik Te. rt en + 2 
| | xx" +: 


be aſſumed = = c being any given Quantity: 


Ii Then 


* 
LEE 


Then, by. reducing this Equation in- {+ 5 


to one Denomination, we ſhall have — 


EB bn Eee 
LA l+B 


- 04 _ wg . | 
q—4h carte rrt+y,n=05 and 
1 | +. 7 v 


therefore, A = . * dA, C=dB—-A, D=dC— B, 
kr FEATS. 7 2 41 VY= .. 


But, now in order to conſtruct theſe ſeveral coefficients ; 
with the Radius 1, and Centre O, Fig. 2. let the Circle AB be 


deſcribed ; take O #= +4, CE perpendicular to A B, meeting 
the Circle jn C,. and the Arch CBU to the Arch AC, as 
= to ; and let the fame * divided into as many equal 


at the Points R, 8, T, &c. 


and let e be now ſuppoſed = Cx; then will Ci, Rr, &c. the 
Perpendiculars falling from thoſe Points on the Diameter A B, 
be equal to the ſaid required Co-efficients A, B, C, &c. re- 

ſpeRively : For, fince the Arcs AC, CR, &c. are equal, 


by a well known Property of the Circle Ry (B) is = 222 


„CI (SAA), —85(C)= *$3= — C4 (= dB— A), 
r- (D) = D- Rr (= dC—B) &c, Hence, 


we — | 88 


e. N.... 
=& 
— | 9 


SE BFEF E545 455484 
„„ „6666 
„8s 


75 


b 
2 | N . Rrx x — 


12 — 44 


„ r. | Foun L}- and. Baa 
KA = 2 like of hab 
* | P 


and cherefore —— . == into CK xx ＋ Ry x 


* 1=#x% + x#2,. 


we have 


25 


. e Sc. ANTS r- ; 
s Av a. _ p % . , 


4 


1 * * ET : , 10 14 


whoſe Fluent, ect rn 
f r- N rr & 1-3 Nc 


e. „ „Plus the Fluent of — * 


m c 


e 


DU 1 + m | m | # . . | 4 . 
Der il give the Area in the firſt Cale, 


And this Method of Solution, it is manifeſt, will hold 
equally, when the ſecond Term of the Diviſor is poſitive, 


or the given Denominator 1 4+ dx" + x*”, if I, inſtead of 

being taken towards A, be taken at an equal Diſtance. on 

the contrary Side, ———— from O towards B. But 
* — 1 


now to find the Fluent of 2 —, from which 


that above-named will be obtained, take Ag to AC, as 
1 to u, and OP =x; and beginning at the Point a, let 
the whole Periphery be divided into as many equal Parts, 
ab, be, cd, Sc. as there Units in ; letting fall the Per- 
pendicular @ m, and putting b=+id e Ok) and O ; 


then, becauſe Pa*>xPh*xPctis=1 —2bx" + x*", 
(as is proved in the Propoſition preceding the laſt) and be- 
cauſe .1 — 2f x + xx (=04*—20mx0P+OP:) is 
Pa, we ſhall, by feigning j—2f x+xx equal to No- 
thing, 


25 ( 125) 


thing, get i and -= = for 
two of the (a n) imaginary binomial Factors into which the ſaid 
Quantity. 1=26bx* + x*", or its Equal TLF 
x f—vVff—1—x Xx &c.. is reducible : Wherefore, 
if FT be put = p, and — V -=. 


then will s * —=>» by. the 
| 2nXi—bp"Xp—x 2nXi—bg"Xq—x 


laſt Propofition,, be two of the ſimple Fractions into which 
. may be divided; theſe being added toge-- 


1—2bx* + x ** 

ther (to take away the imaginary Quantities ) give 

phate —rxon#g"—ixo motto pt Flainy gt +gns 
2 into 1—bXp®+q®* + bb p" g” into p—x X 7—=x 


OO —̃ — 


bs 

will be 

an 1 —— grit" +? — 4 x, Cc. 
25 into 1+bb—bXp" +g" ino1—2fx+xx A 

But, fince * E — is the Co-fine of the Multiple Arch 


AC (=nxAa) and EMS that of mx Aa, Sc. as is 


manifeſt from Page 109. if A H be taken = mx Aa, and 
Af=m—T * Aa, and am be put g, Hb the Sine of 
AH=G, and Ob=F; our Expreſſion will be thus exhibited, 
LEE II ESE, Bit w AH — 
Aais=Af, AC—AH=CH, Ge. we have by the. 
Elements of Tr:gonometry the Co-fine of A= Ff + Gg, 
Cof. of CH = þF+cG, and the Coſ. of Cf= bg G + FF" 
+cfG—cgF ; and tnerefore our. Expreſſion will ſtand thus, 

K K F. 


( 126 ) 


Ef+Gg=b*fF—3*xG —befG TEA, 
neeX cc NI Ir T 


where, by ſubſtituting 1—cc inſtead of #56, it is, at length, 


reduced to ZLF e Ang this drawn 
enX1 —2fx+xx . 


into x, is one of the rational Fractions, (whoſe Denomi- 
nators are c P, cnxPb*, en Pe, c.) into which 


the Quantity — —_ —, Whoſe Fluent we are _ 
1—da*+ x2" 


wih be divided. ou: therefore, the Fluent of - 


1— 222 
being — (PaO) or, 15 into the Arch meaſuring the 


Angle 3 and that of — „ equal to the fame 


Pars 
Arch into , plus (AO: Pa) or the Hyperbolical Lo- 


garithm * LEI the Fluent of 


TE Eg Fog ur GX + (TOP Xe that of thoſe 
enX1—2/x+xx 
Fractions whoſe Denominator is c * * Pa.) will 


be = — * (O a: Pa) + — (Pao) Or, 


l ok (02:P2), + o , By ns; 


POET: 7.0 ＋ N into 


(PAO): From whence the Fluents of the reſt of the 
Fractions, which make up the required Value, whoſe 
Denominators are nx P, ncxPd*, &c, are deter- 
mined, by Inſpection, ſince the Manner of Conſtruc- 
aon muſt neceſſarily be the ſame oth weigh them. Next, 


from hence to find the Fluent, of : For the 
. 


very ſame Reaſon that AH was taken MX Ag in find- 
ing 


' 


8 * 
— 


{ 


(727) 


{ 


(128) . 


ing the Fluent of —**='*_ let A H be (now) tam 


1— 2 + x ** , 


ken = N x Am, and let EI h be perpendicular to A B; 
then 5 — == = into '(Oa: Pa), + + Er aL 
into (PaO) Ge. Sc. Cc. will conſequently be the Va- 


lue ſought ; but AH —AC being = AH, HX O1 
Chx—0b will be AOxHb, and OXO 


„HSO AO, * pag the ſaid Value equal 
"AC PaO) &c. &c. Ce. 


to =o (Oa: Pa) + —T7 
Now, from the two 2 Fluents that of — * 
WA N is readily determined; and, if T Q 


1-24 +7" 


be taken = 2x Aa, or ACQ=-— xAC, and Q per- 


n to AB, will come out = 2 (O02: Pa) + 
— CaO) &c, Sc. &c. that is, if, for the ſame Reaſon 


that TAQ is made = x Aa, TAQ be made mx Ab, 


TAQ=mxAc, TAQ=mxAd, or Q A= 


A. Sc = mx @b, and the Perpendiculars Qz, Q, &c. 
de let fall on the Diameter AB, it will be 


(129) 
Qn (O: Pa) TOA PaO)) 
G (04: Pb)—On( P30) | 
Q (Oc: Pc) +On( PcO) | 
* A (od: Pd) OAO AO) 
—Qz (Oe: Pe) —=On(—PeO) 0 
, Sc. Ws: 


*# + £ «bite RAKE EET 
This therefore added to . 


-N c 


continued 'till the Denominators become nothing or nega- 
tive, (as above found) will be the-required Area in the firſt 
Caſe. But for the Area in the other, where the Ordinate is 


. 5 
rere ery, let x be put equal to 7” or y = —_ then 
will 88 be = e and x = and 

1 I=dy*+y 7" 55 


or the Fluxion of the propoſed Area 


therefore 
I =d x*® + x 2n * 


AB DHEA, equal to — „and conſequently 


that of BF GD equal to — —— AR ; which Expreſ- 
1 = dy * 850 2 4 


ſion being the very ſame in Form with the Fluxion of 
the Area ABC; it is manifeſt, that if P, in the fore- 
going Conſtruction, inſtead of being taken at the Diſtance 


x from the Centre, be put at the Diſtance — (= y) 


therefrom, as at P, and the Signs of all the Indices of x 
be changed. the Expreſſion ſhewing the ſaid Area A B C, 


will give that of BF GD, or the Value required in this 
| L1 Caſe 


* 


U 4 3 IS, 
[ 1909 7 
ciſe: Which n is = - + ——== Rent hae — — 


Sc. into 2 plus 7 into Q (O2: Pa) + 
On (PO) Se. Ge. Bat OP (x) being to G (1), 
as Oz to OP (= ), the Triangles O Pa, and Oà P, 
will be ſimilar, and therefore the Angle PaO=0 P a, and 
O: Pa, OP: Pa, &c. wherefore the ſaid Area will be 


. 4 , Ge. into - 
(of: Pe) ＋ O ( OPa) 
- | Qn (OP: P4)—Ozx( OP5) 


(op: Pc) +O#( OPc) 
Gu (OP: Pd) +O7 (—OPd) | 
A (OP: Pe)— Oz (—O Pe) 


{ nr... c. 
| : 2. E. I. 


C O R O L. I. 


E E N c E the Area of a Curve, whoſe Abſciſſa is 1 

and Ordinate 7 een may be eaſily 
obtained: For, let the Radius of the Circle A B, now be 
denoted by g, the reſt as befote ; then, ſince every Term in 
the required Area muſt conſiſt of the ſane Number (r—2) of 
Dimenſions, by ſubſtituting the ſeveral Powers of g for thoſe 
of AO, or Unity in our ' former Area, it will become 


C# 


— 


* 
WW. AM 
- 


4 « * 
1 ow 


1 
96% 6„„4„„4 „ 


— Sz ͤ —— nnn 
into Qs (Oa:Pa) 55 O 4) + Se. Sc. for the 
Area in 4a 


* 


CoOROL vil 


2 alſo, may the Area of ing wb 


ſciſſa i 1. and Ordinate - — 2 where 
| 2 22 12 27 


. denotes any Nuznber at pleaſure and r and u as above, be 


. p 
eaſily derived: Fot, pat n and d=f * 
2 


* e „ we have 2 222 = 
| 85 ” 


— of +5 TE w< — ET IT: 
| x: — 0 — — — 


| wherefore, if in * foregoing Area, ** to the "wy 


| ar — I 
ſciſſa x, and Ordinate 5 IT ITT theſe Values 


of d, g. x, be reſpectively ſubſtituted, and the whole be 
multiplied » 7 , it will become che Area in the preſent 


—X/—p 


Caſe, which therefore will be Ser b + 


R " Paw! —8 2 5 3 
, continued ill the 


Denominators become nothing or negative, 


r 


_ tags) 
[Q (OA: Pa) TO (PAO) 
A (OA: PH -O ( P4O) 
. |—Qz(O0A: Pe) +On( PcO) 
PXEt [ (OA Pd) + 0% (—PdO)| 
—Qz (OA: Pe) = Oz 


1 (—PeO) 
bs Ge. &c. 


Where, according to the foregoing Conſtruction, AO ſhould 


oh > PO 7 
=4”, Of FX „and POS 


but fince each 


Term in the Area, when actually divided by the common 
Diviſor C, will be affected both in its Numerator and De- 
nominator by one ſingle Dimenſion or Power of Lines exhi- 
bited in the Circle, whoſe Ratios do not at all depend on 
the Magnitude of that Circle, it matters not, whether 
AO, Oę, and PO be taken exactly equal to thoſe 
Quantities, or to others in the ſame Proportion, as 


— — — —d 


a, if, and =} Na 1; 2. and = „provided 


the reſt of the Conſtruction be retained. The like will 
hold in the Area of the Curve whoſe Abſciſſa is 2, 


and Ordinate Which by proceeding 
2 fa "af + *? 
in the ſame Manner, from the ſecond Caſe, will come out 


4 — a 275 2 2275 
Se 5 S XxX 12 „Ce. 


Xð* C1227 71 1 — 23 1 —3 * 


till the Denominator becomes nothing or negative, 


M m + 


r 22 * 
— * E 2 
| 2 <4 SF IP wo 

» 4 l 4 * — ls 2 * 


(#54) 4 
2 (OP: Po) +0» ( aPO): 
2 (OP: P4)—Oz( 4PO)| 
. (OP: Pc)+ Oz( cPO) 
(or- PAO (—dPO) 

1 Pe) O (—ePO) 
Se. Mg | 
Hence, to find the IN of a Curve, whoſe 


— 


Abſciſſs is 2, and Ordinate ed A- 
Pafat”” x? + x 27 


rea ___ of that whoſe Abſciſſ — Ordinate 


. 7 ” 12 
5 5 gr — (6 ce the foregoing Fig. ) we have this Con- 


ſtruction. From the Centre O of the Circle ACB, whoſe Ra- 
diusis= 1, take the Point & in the Diameter A B, towards A 


or B, Es: as the Sign of Fa 21 is — or +, fo that 


OE may= 2. and draw the Perpendicular C# to the Point 


E in that Diameter, meeting the Circle in C; make A # to 
AC, as 1ton, and ACQ to AC, as r to »n, and CR, 
RS, ST, Ce. each equal to AC; and, beginning at the 
Point à, let the whole Circle be divided into as many equal 
Parts as there Units in n, as a b, be, cd, Sc. take 


A. and each of the Arches QQ, ad. 


Gr. = = the Ach ab into the Remainder of r divided by n, 
and draw Pa, O a, P b, Ob, &c. and the Perpendiculars R 7, 


8 Te, &c. Qn, Q, Qs, Sc, to the Diameter AB; 
n then 


» F . * 
= (x28) 

then will the Areas be reſpectively as above exhibited, 
And it muſt be obſerved, that this. Solution holds in all 
Caſes where F'Y is leſs than 2 4, ander and n whole poſitive 


Numbers. 


Note. That (OP : Pa) is put to denote the hyper- 
bolical Logarithm of 35, and (4 P O) the Meaſure of 


the Angle aPO ia Parts of Radius or Unity; the like 


B to be underſtood of any other. 


—S wat Ares . A 


hs 
- + 


i - 


L 
ti i 
= 
4 4 


{899 1 * | 


Wh i 4 ; 4 # vs 4 
Ji: £ « g 4 1 : 


$Cnor ion n 3 5A 


'H E N Solution being ! intricate, ears 
by infinite Series, where they will converge, may 


be thought preferable ; but as the greateſt, if not the only, 
'Difficulty in what has been here delivered, lies in finding 
the Fler T =D, er nl, it may 


2154775 "he i —2bx"+ x 2* * 
be proper (before any thing is offered on this Head) to 
add a different Method —_— the faid Fluent of 


In order thereto, the firſt Conſtruction of the Points 
C, R, 8, Ge. 2, b, c, Sc. &c. being premiſed, let the 
| Sines of the Arches AC, Aa, Ad, Ac, &c. be called 
B, C, D, E, Sc. and their Co-fines 4, ic, 4d, Fe, &c. 
| reſpeRtively : Then, becauſe 1—cx--xx is = Pa?, 1-4 
+xx = = P62, 1e = Pe“, Cc. and Pa- PO x 


Px PA- &c. = 1-2 K* + x* * it follows, that the 
Sum of the Logarithms of 1 -c xx, I—dx+xx, 


Sc. muſt be equal to the Logarithm of 1 —2bx" + x**, 


and therefore egg + rp Ge. the Sum of their 
lations & 2X2 WASHED. 00 Fluxion of that Lo- 


121 *®+x2% 


garichm. Hence, by taking 1 side of the Equation from 
, and dividing the whole by x, we have — ia 


xx—cx +1 


+ 


(6137) 
+ = Ge. = = ED, this cation be- 
3 by s. . and the former by -—, and the 
Products added together, there will be 6 into 2: * - | gr 


ic == 


2 


8—1 2 2 — eK 2 — 4 „* | 

Dr Fee, Ec. + 4 into — Df TT &c. 

(=! eee) | 2 82 1—1 
; 


1=—2bx* $229) ie x7”. 
Een... . 
* Tec r + ae t Sc. to lower D imenſions; 


Let n TEM ven had” 4 + bx +5 


+ tx+v be aſſumed = — x 2 23 -D O 


* c 1 - TKA * 


: £ 35 . then, by bringing the Equation into one 


Denomination, and equating the like Terms, we here 


Ale, B=cA—1, C=cB—A, D=cC—bB, Ge. 
and v -: But, theſe Equations, it is manifeſt, (from 
a known Property of the Circle) likewiſe expreſs the Rela- 


tion of the Co-ſincs of the Arches Aa, 2Aa, 3As, Ge. 
therefore (A = 4C) being the Corne of the firſt of thoſe 


Arches, and B that of the ſecond, the Values of C, D, E, 
&c. which entirely depend on theſe, muſt conſequently be 
equal to the Co- ſines of the reſt of thoſe Arches reſpec- 


tively ; and therefore & equal to the Co-ſine of n * Aa, 


and — = that of 1 x Aa. Wherefore, if A x + 
Na B 


Now, to reduce. 


a Ts. S S=_t 


4 


CLE 


be ES; 25 d 12 7744 4 12. tage: be; 


ax—dx+1* 


1 © Mos; i Ba 2 . 2 2e, 4d 


TITTY $i, 


br 5. — Ui N r n: Fobb bo:4 
Ax" + s &+ 85 Sc. = = 4 — Le 
4 3447 n "a... 


& 7 G. it — for the very ame Reaſon, that A, 
B, N v, —_ be the Tok 01 Ho Ao 43 
A A xd, and x A b, and A, B, C, 7, 
5 thoſe of Ac, 2 Ac, 3A * Ae, n- 1X Ac. Ge. 
_ ge ; _ we „ by Os. — the 


. 


X An preg ATOM 
do cmi 01 
Se = nf? A. 1 1 G.. — + 
— 1119 dil on --GoiatigapsC 


B+ B PE xC + 6 +, Ge. Ge. + . 


4 2 "Bat, A a, X. A; e beuge Co-fves er the 
3.3 1-4 Pc — . | | 

Arches A 8, As, Ac, Ge. and therefore the Roots of an 
Equation, expreſſing the Relation of the Co-fine of an Arch, 


© chat bf Unsthef Arch tines as great, wherein /the: fecond 
Term, is always wanting (vide p. 106.) their Sum muſt there 
fore be equal to nothing, by common Aggebra; W ch is Wh 
dept-gyen by, Jager , when 2 is an even un for, 
then every one of oints a, 5, c, Sc. above AB have 
ing Att" Paine the fame: Conſtrution; diametrically 
oppoſite to it, the Sines, as well as the Co-ſines, anſweri:g 
to thoſe Points, muſt be equal and contrary, and therefore 
* u * | deſtroy 


14 


Ge. Se.  Hetice dur Equation is reduced to — K 


(x39) 


deſtroy each other. In like manner B, 5, 5. Sc. be 
the, Co- nes of 2 Ag, 2 Ab, 2 Ac, &c. or the Roots of 
ſuch another Equation, they muſt alſo deſtroy one another, 


2 8 Trey # 2 4245 


9 44 
1e * WAIT OX 9 I — c +x* 1-4 T 
_ 


2 Ge. But ſince i is found to be the Co- ſine of ux Aa 


"cos 
8 a- 1 


|} 


68 
= 


= nail "a", _ ods eas. - 
„ TIS * 
= \ * 


7% 
ot + : 


* * ; 
J's + ” 
2 * . * 

| . 3048 + . p * 

p ”” Baa - _ * 1 e 
1 a. * * 4 i . * 1 

= - * F l p * . 
@ 4 p 7 + * 4 - | 
* * * ® 


or AC, Faria * ABchrf wife ade en, * 


Ge. —v = that of TAG == 7 


eie &c, Ob, and KN 
1 — v:= — BD.— 45 Ce. and therefore — Jr * 
N "1:50 "qi rr of $30" 6 Wo 125 2 3 

Ten 1 HET, Sc. = INE. 2© 


« & "© - *. I 
Wi Lia wE 53 \ 3528 3 


Sc. or 6 „ Mg Wis >... — 0 
X * r—dx+xx * 1e rr 


— be+ BC=— bx b4 BD 3 1 I 
e + IE » Oc. which being 
2 - x 
ſubſtituted, — thereof in K- K . 


* 22 2.— (a abovefound) and the whole divided by 


DE 


C | D E 
2B, en aw rs + a = 
* „ 
8 8 = "0 "6 1=2ba%+x**? and, conſequently 
„544 = C Dx® Ex” 


1-21 + x2 Jen Fax * 1-4 x =» Fs + 


1 bn $54 LE W 22). then, 


Te I 


by Reduction, &c. we ſhall get A = C, B=cA, C=cB 


| A. D=cC—B, Sc. &c. where it appears, from the a- 


fore-named Property of the Circle, that A, „ 


v, are the Sines of Aa, 266, 3As, . . . * A, W 
Aa 


* 


* 


4 An reuatrly Hence, 14 + bent 


- i © Is + 1+ th be put = — Derr L it is ma- 


nifeſt, that A, 6 — will be the Sines of A 6, 


#Ab,3A5.,..mxAb and m—1x Ab reſpectively, &c, 


Ce. Therefore, as it is evident from the above Reaſons, that 


A+A, &c. and B+6, Sc. and C+C, Oc. &c, 
malt all be equal to Nothing, we have a Bettrm— 


1—2bx" + 24% 
200 — „ NA Al Sine of NA 
] - (XxX X x 


42222 


I—dx+xx 
Se. Which, becauſe AH is = #+x Aa (by Conſtruction), 


will berome A e HNA — —, &c. 


= Hax#+4an X04=HbxOm, Sc. Wherefore, the Fluents 


Ix +pxx 


of (7:4 * * and r 
(20) 4nd (PO) reſpectively, that of 


a * Y Dx a 
HixesfooX00= 12 „Cc. &c, or its Equal 


—_— „ muſt conſequently be = = (Pa: 0a) 
12D +x** 
+ Le (PAO), &c. Sc. which is the very ſame as was 
before found, 


Having thus far effected what was propoſed, it remains 
next to lay down a Method for finding the aforeſaid Areas 
ABC, BFGD, in a more eaſy Manner, by Approximation 


being (Pa: Oa) + 22. 


Oo and 


oe OT ee a en 


„ 


—- — — 
E > »- Gus 
TEC ——— 


— 
3 


b * © 
— Are. 


R 
— EY 


— - . 
4 | — — 


4 
= 


05 1 


ant infinite Pane when that can be done. Ja order 1% 2 


this, the foregoing Conſtruction of the Points &, P, and C, 
being ſtill retained, let CR, RS, ST, TU, Sc. be each equal 
to AC, and R, 85, Te, Ge. 34 RING to * Then 


—p+þ we „ 
will R= YE . 
er wan into 2 8 + ＋4 22 + r+3n © 
+ Unxz#* a Ge. 4d infinitum, or 
Is * 
— NK —27 a*? N 
. fs: + 7 —3 * 5 . 
38 or the Area of the Curve whoſe Abſcifla is 
| * * 
AXE BP nate 14 
2, and Ordinate — n —z and 
"= fat — fo. *? * 


into S + 2 — N! 
2 | 


7 1 —32* 142 
Se or ee quay 27 in . +2 ReX# . + S „ 2p 
x .. #X we r+2n Fo: 


22 . 2, Sc. = BF GD, or the Area of the Curve 


gh, 
p=—p—=t 


' whoſe Abſciſſa is 25 and Ordinate 77 71 = 
| = fat ＋ 2 


The Reaſons whereof, from the Wrtticr Part of the fore 
going Solution, will appear manifeſt. 


r 


. — 
* 
* * 
-. up 
* 
* -” | 
A "0 
Tis, *'; 
Ls 
15 
4 
=, 
a £ * 
* 


J. for 7 read g. 28. 1.1 „. = = 7 L 18. 
pA, 17. for gr gr, p. 4. . l 


7 
for h r. x*?, I. laſt, for Y m*, c. x. — . 31. L. 5. for the 
n, 


Ratio, r. which is to Unity in the Ratio, p. 32. 1. 18. — r. than as, p. 42. 


I. 24. for Rs r. &s, |. 25. for vr r. 57, p. 48. I. 25. for 8 Cr. /C, p. 49. 
1. 16. for 5̃ er 6 r. 7 er 8, p. 51. 1. 19. for 52 50 r. 51 52. I. penult. for 92 Ti 
r. 51 52, p- 53. 1. 20; for __ Po anno 57. I. 24. for Specifick Gravity r. 


g 
2 2 
Specifick Gravity in Air, p. 61 1. 20. for 25 5 p. 67. 1. 18. for of r. to, 


p. 76. I. 12. for of = r. n, p. 85. I. 10. for 19 * r. . p. 93. 1 penult. for 
Allowances r. Allowance, p. 101. 1. laſt, for 2, 3z, Sc. r. 1, 2, 3, Cc. p. 103. 
I. 2. for x=0 r. #=100, 1. 3. for Cor. II. r. Cor. III. p. 104. 1. 24. for & T 


r. Ms I. penult. for dx r. dz", p. 105. I. 2: for dzn r. . 
for be r. are, and for are r. be, I. 18 L . AR, p. 113. I. 24. * 


r. Tal = =v, p. 121. L. laſt, for K- r. „4% 
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